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Abstract

Market microstructure studies the process of exchanging assets under
explicit trading rules. With algorithmic trading and high-frequency
trading, modern financial markets have seen profound changes in mar-
ket microstructure in the last 5 to 10 years. As a result, previously es-
tablished methods in the field of market microstructure becomes often
faulty or insufficient. Machine learning and, in particular, reinforce-
ment learning has become more ubiquitous in both finance and other
fields today with applications in trading and optimal execution. This the-
sis uses reinforcement learning to understand market microstructure
by simulating a stock market based on NASDAQ Nordics and training
market maker agents on this stock market.

Simulations are run on both a dealer market and a limit orderbook market
differentiating it from previous studies. Using DON and PPO algo-
rithms on these simulated environments, where stochastic optimal con-
trol theory has been mainly used before. The market maker agents suc-
cessfully reproduce stylized facts in historical trade data from each sim-
ulation, such as mean reverting prices and absence of linear autocorrelations
in price changes as well as beating random policies employed on these
markets with a positive profit & loss of maximum 200%. Other trad-
ing dynamics in real-world markets have also been exhibited via the
agents interactions, mainly: bid-ask spread clustering, optimal inventory
management, declining spreads and independence of inventory and spreads,
indicating that using reinforcement learning with PPO and DQN are
relevant choices when modelling market microstructure.



Sammanfattning

Marknadens mikrostruktur studerar hur utbytet av finansiella tillgdng-
ar sker enligt explicita regler. Algoritmisk och hogfrekvenshandel har
forandrat moderna finansmarknaders strukturer under de senaste 5
till 10 &ren. Detta har d&ven paverkat palitligheten hos tidigare anvanda
metoder frdn exempelvis ekonometri for att studera marknadens mik-
rostruktur. Maskininldrning och Reinforcement Learning har blivit mer
populdra, med manga olika anvandningsomraden bade inom finans
och andra filt. Inom finansféltet har dessa typer av metoder anvints
framst inom handel och optimal exekvering av ordrar. I denna uppsats
kombineras bdde Reinforcement Learning och marknadens mikrostruk-
tur, for att simulera en aktiemarknad baserad pa NASDAQ i Norden.
Dar tranas market maker - agenter via Reinforcement Learning med malet
att forstd marknadens mikrostruktur som uppstar via agenternas in-
teraktioner.

I denna uppsats utvarderas och testas agenterna pa en dealer - mark-
nad tillsammans med en limit - orderbok. Vilket sérskiljer denna stu-
die tillsammans med de tva algoritmerna DQN och PPO fran tidigare
studier. Framst har stokastisk optimering anvénts for liknande pro-
blem i tidigare studier. Agenterna lyckas framgéngsrikt med att dter-
skapa egenskaper hos finansiella tidsserier som atergang till medel-
vardet och avsaknad av linjar autokorrelation. Agenterna lyckas ocksa
med att vinna 6ver slumpmadssiga strategier, med maximal vinst pa
200%. Slutgiltigen lyckas dven agenterna med att visa annan handels-
dynamik som forvintas ske pa en verklig marknad. Huvudsakligen:
kluster av spreads, optimal hantering av aktielager och en minskning
av spreads under simuleringarna. Detta visar att Reinforcement Learning
med PPO eller DON ér relevanta val vid modellering av marknadens
mikrostruktur.
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Chapter 1

Introduction

1.1 Background

Modern financial markets such as NASDAQ, CME and NYSE have
all been effected by the rise and presence of Algorithmic Trading and
High-Frequency Trading (HFT) [2], which are causing, for instance, more
fragmented markets. Both types of trading consist of using computer
programs to implement investment and trading strategies [1]. These
strategies have, according to Abergel [1] and O’Hara [49], raised var-
ious questions about their effects on the financial markets, mainly in
such areas as: liquidity, volatility, price discovery, systematic risk, manipu-
lation and market organization. A quite recent example of the proposed
effect of algorithmic trading and HFT on financial markets is the Flash
Crash the 6th of May 2010. In the course of 30 minutes, U.S. stock mar-
ket indices, stock-index futures, options, and exchange-traded funds,
experienced a sudden price drop of more than five percent, followed
by a rapid rebound [38, 37] (see an illustration of this in Figure 1.1).

Trading in the financial market can be seen as a search problem where
buyers and sellers search for each-other, depending on market struc-
ture [1]. Market microstructure is a branch of economics, where one
tries to understand trading dynamics on the financial market on a mi-
croscopic level [50, 30]. Market microstructure theory is used by reg-
ulators, traders and organizers of financial markets, in order to make
a profit or create more transparent and efficient markets. Recent reg-
ulation aiming at making markets more transparent and efficient is
Markets in Financial Instruments Directive (MiFID) II [10].
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Figure 1.1: Minute-by-minute transaction prices and trading volume
on E-mini S& P futures contracts during the flash crash, between 8:30
to 15:15. Notice the distinct drop and rebound at the end of the day.
Source: Kirilenko et al. [37]

However, as mentioned by O’Hara [49], due to HFT and algorith-
mic trading, learning models and empirical models used in market
microstructure in the past are deficient and may no longer be appro-
priate. It calls for the use of new more capable methods. In this re-
spect, Reinforcement Learning and other machine learning methods are
of great interest. Machine learning and Al have become ubiquitous in
finance (see for example [47, 65, 20, 22, 6, 14]), where the main reasons
for this are the abundance of available data and computing power.

Recent achievements in the use of Reinforcement Learning has been
seen in the game Go. AlphaGo and AlphaGoZero [59] are programs that
were able to win over esteemed Go champions, using reinforcement
learning. More complicated strategic games, as Star Craft have also
seen successful application of reinforcement learning [64]. Therefore,
the focus of this thesis will be to examine the usages of deep reinforce-
ment learning, to understand the market microstructure of a simulated
Nordic stock market.
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1.2 Problem

Due to the abundance of available high frequency data, fragmented
markets and more sophisticated trading algorithms, the financial mar-
kets have become harder to understand during the past decade. Tradi-
tional methods used in market microstructure might have become ob-
solete as mentioned in O’Hara [49]. A traditional supervised learning
approach is not of use for this thesis, because financial markets are dy-
namic complex systems. The agents must be able to adapt and dynam-
ically learn optimal behaviour. Therefore, the problem in this thesis is
to understand trading dynamics, by using reinforcement learning, on
a simulated Nordic stock market.

The thesis will study whether common market microstructure trading
dynamics, such as bid-ask spread clustering, optimal trade execution and
optimal inventory costs as described in O’hara [50], will be exhibited and
understood by the reinforcement learning agents. Also, it is of interest
to see what happens with the agents when changing the market condi-
tions, much like what is happening in the real markets. For example,
it can be explored by changing the number of participants, order sizes,
prices, volatility, order arrival rates and trading rules.

1.3 Objective

The objective of this thesis is two-fold. Firstly, in the case of the prin-
cipal the objective is to have a functional and working exchange sim-
ulator (EXSIM), where they can change different parameters, policies,
reward functions and other things effecting the market structure, in or-
der to study and simulate modern financial markets on a microscopic
level. Secondly, from the thesis point of view, the objective is to inves-
tigate the following:

e Whether reinforcement learning can be successfully used in a
more complicated environment such as the financial market.

e Whether new insights and applications can be provided to the
the growing field of market microstructure with the help of rein-
forcement learning.
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1.4 Delimitation

This thesis does not use any real-world data for the simulations and
experiments conducted. Instead, only simulated data from the agent’s
interaction with its environment is used. This is due to security con-
straints at the principle. No multiagent reinforcement learning has
been used, due to time constraints. Instead, several different single
agents are tested and evaluated.

Information-based market microstructure models have not been used
in this thesis. Instead, inventory-based models and limit order book
models have been used, mainly due to time constraints. Exploration
of distributed and parallel training of agents to speed up training, us-
ing workers and a parameter server have not been performed. This
is also due to time constraints and could be something to look at for
future work.

1.5 Methodology

The methodology in the thesis is empirical with the focus on the quan-
titative approach. Data are collected from the agent’s interactions with
the environments through various experiments testing different sce-
narios, behaviours and collecting different statistics. More information
about the methodology is found in chapter 4 and chapter 5.

1.6 Contribution

The contribution of this thesis is to show the usages of reinforcement
learning to more complex environments such as the financial markets
with a more realistic limit order book market compared to previous
studies. The aim is to provide new insights and methods in the field of
market microstructure. The target audience is both academia and the
industry, which can benefit from this work.
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1.7 Societal and sustainability issues

Financial crises have negative impact on society, where the credit-crisis
in 2007-2008 is a clear example of this. Hence, studying market mi-
crostructure is important to prevent them.

1.8 Outline of the thesis

The thesis has the following structure:

In chapter 2, the theoretical background needed for the thesis is
presented. It covers market microstructure, artificial financial mar-
kets and reinforcement learning.

In chapter 3, related work relevant to the thesis is presented. This
chapter presents the state-of-the art, and the contribution of this
thesis, in comparison with the previous research.

In chapter 4, an overview of the research methodology employed
for this thesis is presented.

In chapter 5, the implementation of the agents, environments,
data collection and the experiments are discussed in detail.

In chapter 6, the results obtained from the different experiments
are illustrated and discussed.

In chapter 7, the main findings are highlighted and evaluated
and compared to previous research. The conclusions of the thesis
and future research are also presented.



Chapter 2

Background

This chapter presents relevant theory needed to contextualize the the-
sis. The following is covered: market microstructure theory, artificial fi-
nancial markets and finally reinforcement learning.

2.1 Market Microstructure

Market microstructure is the study of the process and outcomes of ex-
changing assets under implicit trading rules as mentioned in O’hara
[50]. The majority of market microstructure research is according to
Madhavan [44] concerned with :

1. Price formation and discovery, i.e., looking in to the black box of the
market and see how latent demands are translated into prices.

2. Market structure and design, i.e., what rules exists, and how they
affect the black box of the market.

3. Information and disclosure, i.e., how the inner workings of the black
box or the market affects the behaviour of traders and strategies.

All of these will be covered in this section, in order to give the reader a
comprehensive overview, on how modern financial markets operate.
However, for the interested reader more details, regarding market mi-
crostructure can be found in O’hara [50], Harris [29], Bouchaud et al.
[8], Abrol, Chesir, and Mehta [2], and Abergel [1].
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2.1.1 Market Participants

A market is the place where traders gather to trade [29] different types
of instruments: stocks, bonds, futures, options, derivatives and foreign
exchange rates just to mention a few. In today’s financial markets,
Cartea, Jaimungal, and Penalva [13] broadly identify three primary
classes of traders (or strategies) that partake in the market:

e Fundamental traders: those who are driven by economic funda-
mentals outside the exchange.

e Informed traders: traders who profit from leveraging informa-
tion not reflected in market prices and trading assets in the hope
of their increase or decrease in value.

e Market Makers: professional traders who profit from facilitat-
ing the exchange in a particular asset and exploit their skills in
executing trades.

Market makers will be the main participant covered in this thesis. This
because they have an important impact on providing liquidity to fi-
nancial markets, albeit the dual nature of optimizing their inventory
of stocks and making a profit for themselves.

2.1.2 Trading Mechanisms

Any trading mechanism can be seen as a type of trading game in which
players meet virtually or physical at some venue and act according to
some rules [50]. The players are some of the participants mentioned
in the previous section. The venue or the market is where trades are
actually executed, which can be on an exchange or via other intermedi-
aries (often called OTC or off exchange). A common division of market
structure is presented in Foucault, Pagano, and Roell [24], where they
classify markets as either limit order markets (auction markets) or dealer
markets. In fact, all trading mechanisms can be viewed as variations of
these [24]. Today most markets are electronic, and adopt a continuous-
time double auction mechanism using a limit orderbook [8]. Compared
to Walrasian auctions', in limit order markets the final investors interact
directly instead.

ITraders communicate their buying and selling intentions via an auctioneer.
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ORCL on Nov 1, 2013
at 09:38:00.072

0 1000 2000 3000 4000 5000
Volume

Figure 2.1: Snapshot of the LOB for the ticker ORCL (Oracle) after the
10 000th event during that day. Blue bars indicate sell limit orders,
whilst red bars are buy limit orders. Source: Cartea, Jaimungal, and
Penalva [13]

In the limit order market, bids and offers are accumulated in the
limit order book (LOB). The orders in the LOB are accumulated by firstly
price priority and secondly time priority [30]. In dealer markets, par-
ticipants can only trade at the bid and ask quotes posted by specialized
intermediaries, i.e., dealers or market makers [24]. Note that the LOB is
very dynamic as it consists of limit orders®, which can be cancelled or
modified at any time. Thus, the state of the LOB can be changed ex-
tremely often [30]. For this thesis this means that the agents will have
a very large state space, with many possible actions that they need to
explore, in order to find optimal policies. More formally, according
to Bouchaud et al. [8], one can see an order as a tuple consisting of
sign/direction (¢,), price (p,), volume (v,) and submission time (t,):

T = (5xapx7vxatx) (21)

where ¢ = +1 indicates if it is a buy or sell order and v, > 0. An ex-
ample of a limit order book is shown in Figure 2.1 for the stock ORCL.
Market orders are other types of orders found on LOB markets, which
are usually considered to be more aggressive because, this type of or-
ders seek to execute a trade immediately [13], compared to limit orders
that wants to be executed at a certain limit.

2A limit order is an order that specifies a direction, quantity and acceptable price.
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For instance, if a market order is placed and the quantity is larger
than the quantity available in the book then the order is re-routed or
said to walk the book until the order is filled [30, 13]. When submitting
an order z, the trader must chose the size v, and price p, according to a
relevant ot size and tick size of the LOB [8]. The lot size vy is the small-
est amount of the asset that can be traded. Hence the size of each order
is a multiple of the lot size v, € {kvo|k = 1,2, ...}. The tick size ¥ is the
smallest permissible price interval between different orders within a
given LOB [8]. The values of v, and ¥ differ a lot between exchanges.
However, expensive stocks are often traded with vy, = 1 whilst cheaper
stocks are traded with vy > 1. In equity markets, ¥ is often 0.01% of
the stock’s mid-price [8].

Both the tick size and lot size affect trading, where the lot size dic-
tates the smallest permissible order size. The tick size ¥ dictates how
much more expensive it is for a trader to gain the priority of choosing a
higher or lower price to a buy or sell order [8]. Sometimes it is also use-
ful to consider the relative tick size ¥, which is equal to the ¥ divided by
the mid-price for a given asset [8]. To make things more complicated
modern markets have a lot of different order types. Such as hidden,
reserved, ice-burg and Fill-or-Kill orders just to mention a few, where
[24, 13, 30] gives good overviews of these. There also exist hybrid mar-
kets which are traditional quote-driven markets such as NASDAQ and
London Stock Exchange (LSE) [24].

2.1.3 Price Formation & Discovery

The mechanism of price formation is at the very heart of economics,
which is also important in order to understand stylized facts in financial
price series such as heavy tails and volatility clustering [1]. Price discovery
is the speed and accuracy with which transactions prices incorporate
information available to market participants [24]. Thus, investigating
market makers is a logical starting point for understanding how prices
are actually determined in the market [44]. Nevertheless, what is not
covered in this thesis and still important is the role of information and
who has it [13].
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Figure 2.2: Three components of bid-ask spread in short-term and
long-term response to a market buy order. Source: Foucault, Pagano,
and Roell [24]

Bid-Ask Spread. The bid-ask spread is usually decomposed into
three components: adverse selection, order-processing costs and inventory
holding costs [24]. Order processing costs consist of the setup price and
operating costs of trading. Inventory costs are costs associated with
carrying inventory. Adverse selection costs are costs that arise because
some traders are more informed then others, and when trading with
these informed traders, market makers will on average lose money [17].
Therefore, a fraction of the bid-ask spread can be seen as a compen-
sation for having to trade against informed traders [17]. In Figure 2.2
above these are illustrated on a short-term and long-term perspective.

Market makers quote two prices: the bid price and the ask price, where
the difference between these is the market makers spread [44]. By quot-
ing bid and ask prices, market makers are also providing liquidity to
the market. Spreads measure the execution cost of a small transac-
tion, by measuring how close the price of a trade is to the market price,
where the market price is the equilibrium price, i.e., the price where de-
mand equals supply [13]. One approach is by using the midprice in
Equation 2.2:

5= 5 +b) 22)

which is the simple average of the bid (b;) and ask (a,) prices at time ¢.
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However, the most common spread measures are the guoted and the
effective [13, 24] spread both shown in Equation 2.3 and Equation 2.4:

QS = a; — b (2~3)

ESt = Qt — St or ESt = St — bt (24:)

The quoted spread represents the potential cost of immediacy at any
point in time as well as the distance from the market price [13]. As
mentioned in Foucault, Pagano, and Roell [24] the quoted spread is
also a good measure of trading costs for small orders used for mea-
suring liquidity. By normalizing Equation 2.3 with the midprice, the
relative quoted spread is obtained:

a — by

St
On the contrary, the effective spread or half-spread measures the re-
alized difference between the price paid and the midprice, which can
also be negative indicating that one is buying at a price below or sell-
ing above the market price [13]. ES and QS differ in the fact that ES can
only be measured when there is a trade while QS are always observ-
able [13]. Some stylized facts known about the bid-ask spread are [30,
43, 8]:

RQSt —

e The trade prices series is a martingale & the order flow is not
symmetric.

e The spread declines over time & the bid-ask spread are lower in
high volume securities and wider for more riskier securities.

e For large-tick stocks, the spread is almost equal to one tick. Small-
tick stocks have a broader distribution of spreads.

e There is a price impact of trades, i.e., on average the arrival of a
buy trade causes prices to rise (S; increases), whilst the arrival of
sell trades causes prices to fall (S; decreases).
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Liquidity. If the structure of a securities market is compared to a
car design, measuring liquidity is like assessing the car’s driving per-
formance [24]. Liquidity impounds the usual economic concept of elas-
ticity®. In a liquid market, a small shift in supply and demand does not
result in large price changes [30]. However, liquidity is also concerned
with trading costs. Market makers are seen as liquidity providers (sell-
side) whilst liquidity demanders are the customers (buy-side) [30]. A
key dimension of liquidity is immediacy. This is the ability of an in-
vestor to buy or sell an asset without having to wait to find a counter-
part with an offsetting position to sell or buy [13]. In fact, the bid-ask
spread is a common measure of how liquid a market is [24].

Order imbalance. Another way of describing price dynamics is to
see the accumulated best bid and ask quotes in a LOB as queues [8]. All
price changes then boil down to a race between the different queues.
The queue that depletes first, i.e., the winner, dictates the next price
change [8]. Order imbalance is a measure providing a quantitative
assessment of the relative strengths of buying and selling pressure in
the LOB [8]. Volume order imbalance is defined as:

_ W
"V
where V! is the bid volume at time ¢, conversely V,” is the ask volume
at time ¢t. The denominator (total volume at time ¢) in Equation 2.5
normalizes the imbalance, therefore I; € [0,1]. Bouchaud et al. [8]
provide a qualitative understanding of /;:

Iy (2.5)

e [, =~ 0 corresponds to a situation where the ask-queue is much
larger than the bid-queue, meaning that there is a net positive
selling pressure in the LOB, likely pushing the price downwards.

e I; ~ 3 means that the bid- and ask-queues are approximately
equally big, meaning that the buying and selling pressures in the
LOB are somewhat balanced.

e [, ~ 1 corresponds to a situation where the bid-queue is much
larger than the ask-queue, meaning that there is a net positive
buying pressure in the LOB, likely pushing the price upwards.

3 A measure of the responsiveness of one economic variable to another.
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An estimate of the probability p. (I;) that the ask-queue depletes before
the bid-queue has been shown in [8] to be:

2 I
p () = polV 1) = 2 aretan (2 26)
= L. Another imbalance measure ac-
cording to Cartea, ]a1munga1 anci Penalva [13] is limit order balance
defined in Equation 2.7:

Vb — Ve
Pt = W (2.7)

this measure takes values for p, € [—1, 1]. Usually one computes p; by
looking only at-the-touch, the best n-levels of the LOB. The first level is
the best price, followed by the second price level and so forth. There
are more buy orders when the imbalance is high, and there are more
sell orders when the imbalance is low. The willingness of an agent to
post limit orders is strongly dependent on the value of imbalance [13].

Price Impact. A concern for participants that wish to execute large
orders is that they will have an adverse price impact. Meaning that
an agent will be increasing the price when buying aggressively and
lowering it when selling [13, 8]. A way of measuring this is by running
a regression on the change of the midprice of the form below:

AS, = A\gn + €n (2.8)

here AS,, = S,,- —S(n—1)- for a time interval [(n—1)7, n7] [13]. Note that
other forms of this regression exist including inventory (see Foucault,
Pagano, and Roell [24] for more information). Using Equation 2.8 it is
possible to estimate )\, where the parameter ), also called Kyle’s lambda
[8] is capturing the market’s price reaction, i.e., its price impact. On
the other hand, g, is the order imbalance or net order flow * and ¢,, the
error term assumed to be normally distributed [13, 24].

In terms of measuring liquidity, a lower ) indicates that the market is
more liquid due to greater competition, lower risk tolerance or lower
volatility [13]. Thus a lower A means that prices are less sensitive to or-
der imbalance [24]. A larger A indicates that the given volume impacts
the prices, and trading is thus more expensive [8].

*Difference between buy and sell orders during an interval.
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2.1.4 Inventory-based models

A large (positive) inventory causes the dealer or market maker to face
a higher cost for observing more inventory, which lowers both bid and
ask prices by the same amount [50]. Vice versa situation holds for neg-
ative inventory. The model by Ho and Stoll [33] is one of the most
popular inventory-based models, presented below.

Ho & Stoll Model. Ho and Stoll [33], present a model that handles
the risk which the market maker faces when providing his service. In
the model the following assumptions are made: transactions follow a
Poisson process, the dealer faces uncertainty over the future and, the arrival
rate of orders depend on the bid and ask prices. The objective of the dealer
is now to maximize the expected utility of his total wealth E[U(Wr)]
at time horizon 7', where:

Wr = Fr+ Ip + Yy (2.9)

Equation 2.9 is called the dealers pricing problem. Fp,Ip and Yr is the
dealers cash account, inventory and base wealth, this is, in fact, an op-
timization problem where the aim is to maximize the value function
J(-) using dynamic programming. Thus, yielding the optimization
problem below in Equation 2.10:

J(t,F,1,Y) = max[E[UWp)]|t, F,1,Y] (2.10)

a,b

where U is the utility function, a and b are the ask and bid adjust-
ments and ¢, F, I, Y are the state variables time, cash, inventory and
base wealth [50]. The function J(-) gives the level of utility given that
the dealer’s decisions are made optimally [50]. There is no intermedi-
ate consumption before time 7" in this model. The recurrence relation
found by using the principle of optimality is:

maxdJ(t, F,1,Y) = 0and J(T, F, 1Y) = U(Wr) 2.11)

Solving Equation 2.11 one finds a solution to the dealer’s problem,
which requires stochastic calculus. For further elaboration and more
details see Appendix C. There is no closed form solution for this prob-
lem. However, via approximations the bid and ask quotes have been
shown to be found by:
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b =a/28 + (J — BJ)/2BJrQ (2.12)
a* =20+ (J = SJ)/25JrQ (2.13)

Finally, from Equation 2.12 and Equation 2.13 one gets the bid-ask
spread as:

s=a/B+ (J—SJ)28JpQ + (J — BJ)/2BJpQ  (2.14)

The first term of Equation 2.14 is the spread which maximizes the ex-
pected returns from selling and buying stocks. The rest of the terms are
seen as risk premiums for sale and purchase transactions. This shows
how the dealer or market maker sets the spread without knowing what
side the transaction will have, i.e., bid or ask [33].

Ho and Stoll [33] demonstrates three important properties of the dealer’s
optimal pricing behavior:

1. The spreads depends on the time horizon of the dealer.

2. It can be decomposed in a risk-neutral and risky part.

3. The spread is independent of inventory levels.

Inventory based models are just one set of models used in the market
microstructure literature, which is the most relevant one for this thesis.
However, another important family is information-based models, allow-
ing for examination of market dynamics, thus providing insights into
the adjustment process of prices [50]. For popular models see more,
in, for instance, Glosten and Milgrom [25] or Das* [18] and Das [19].
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2.2 Artificial Financial Markets

Agent based modelling. In agent-based modelling (ABM), appropri-
ate parts of a complex system are modeled as autonomous decision-
making entities called agents [17]. In ABM market investors or traders
are modelled as agents trading together via an orderbook [42]. How-
ever, the decision of what type of agents to use is paramount. Where,
a wide range of different types of agents exist from zero-intelligence
agents to reinforcement learning agents [45]. Broadly speaking there is
a price disagreement between the agents, and often pricing is done
randomly (also called noise traders), or via some real-world strategy
[42]. According to, Martinez-Jaramillo and Tsang [45] some important
design issues to think about are:

e Decision making, i.e., is it rule based, or based on something else.

e Objective function, i.e., explicit, implicit, utility or profit maxi-
mization.

e Heterogeneity, i.e., types of agents, parameters, information basis
and learning.

e Learning, i.e., zero intelligence or more complex, as reinforcement
learning.

Validation is an important issue in agent-based modelling, where sim-
ulated markets should be able to replicate realistic quantitative fea-
tures of the real market with reasonable calibration [45]. In order to
validate, multiple parameters need to be user-defined. However, one
way to overcome this, is by using a benchmark in which the behaviour
of the market is well defined. Another way according to Martinez-
Jaramillo and Tsang [45] is to use parameters in the simulated market
derived from experimental or real markets. It is also common to test
whether the prices created via the interaction of the agents exhibit cer-
tain stylized facts, that real-world markets do [9]. With stylized facts
one means a set of properties that is common across many instruments,
markets and times, which have been observed by independent studies
[16].
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Figure 2.3: Example of volatility signature plots based on [8], showing
expected pattern for mean reverting, trend and uncorrelated returns.

Stylized facts. In Cont [16] a large selection of stylized facts are
presented. If S(t) is the price of a financial asset, and X (¢) = In S(¢) in
time scale At, then the log-return of the asset can be defined in Equa-
tion 2.15:

r(t, At) = X (t + At) — X (t) (2.15)

The time series in Equation 2.15 can then be used to study certain prop-
erties of financial time series that seems to hold in many independent
studies, which should hold in realistic simulations of financial markets
as well. Therefore, it is of importance for this thesis to be able to repli-
cate some of these stylized facts, to validate the simulations. For a full
list and further definitions see, for instance, Cont [16] and Bouchaud et
al. [8]. The most important stylized facts for this study found in Cont
[16] and Boer-Sorban [7] are:

e Correlated Returns, i.e., as prices are assumed to follow a Gaussian
random walk, where the price returns for financial time series can
exhibit patterns shown in Figure 2.3.
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This shows a signature plot of the sampled volatility o(7) of the
price returns against a time period, (7). Many financial time se-
ries exhibit either strong or weakly mean-reverting behaviour [16,
8].

Intermittency, i.e., returns display at any time scale a high degree
of variability.

Absence of autocorrelations, i.e., linear autocorrelations are often
insignificant.

Non Gaussian returns & Heavy tails, i.e., the unconditional distri-
bution of returns seems to display a power-law or Pareto-like
tail.

Volatility clustering.

2.3 Reinforcement Learning

Reinforcement learning (RL) is learning what to do, i.e., mapping sit-

uations to actions, in order to maximize a numerical reward function
[61]. It is quite different from other machine learning methods based
on supervised or unsupervised learning, where one in fact have the true
labels or not.

2.3.1 The Main Concepts

’J Agent ||
state reward action

Sr R, A’
. RH] (
S.. | Environment ]4—

\

N

Figure 2.4: Basic overview of the reinforcement learning setting with
an agent interacting via actions (A4;) with its environment moving
through states (5;), and gaining different rewards (R;). Source: Sut-
ton and Barto [61]
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Simply put, RL is an agent interacting via actions with its environment,
and by doing so eventually learning an optimal policy or behaviour.
This learning process is done by trial and error for sequential decision
making [41]. Figure 2.4, illustrates a simple agent interacting with its
environment. A RL agent interacts with its environment over time,
and at, each time step ¢ the agent receives a state S; in a state space S
and makes an action A; from an action space A [41]. As a consequence
of its action, the agent receives reward R, which is a scalar value.

The agent’s goal is to maximize the total amount of cumulative reward
it receives, which is known as the reward hypothesis [61]. The agent’s
behavior is modelled by the policy 7(s|a). A policy is a mapping from
a state to an action, that is the probability of selecting action 4, = a
in state S; = s. This also includes transitioning to the next state S,
according to the environments dynamics or model for a reward function
R (s, a) and state transition probability P(S41|S:, Ar) [41].

Markov Decision Process. More formally the RL problem is for-
mulated as a Markov Decision Process (MPD) [61, 41]. A MDP is a tuple
(S, A, P, R,~) [41] where:

e S is a finite set of states
e Ais a finite set of actions
e P is a transition probability matrix,
Pe, = P[Si1 =55 = s, A = d (2.16)
e R is areward function,
R = E[Ri1]S: = s, Ar = d] (2.17)
e v € [0,1] is a discount factor

In general, one seeks to maximize the expected return, where the return,
denoted G, is the total discounted reward from time step ¢:

G, = Ry +7Ripo + ... = Z’Vth—&-k—i-l (218)
k=0

The discount factor or discount rate in Equation 2.18 determines the
present value of future rewards k steps in the future.
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Note that a 7y close to 0 leads to myopic behavior, i.e., the agent only
cares about immediate rewards. If v is close to 1, the agent is more
far-sighted. Then the agent-environment interaction breaks naturally
into sub-sequences, also called episodes, which explains Equation 2.18.
Another key concept underlying RL is the Markov property, i.e., only
the current state affects the next state [4]. More formally this means:

P[St+1|5t} == P[StJrllSl, ceey St] (219)

Equation 2.19 states that the future is conditionally independent of the
past given the present state. According to, Arulkumaran et al. [4] this
assumption is somewhat unrealistic because it requires the states to be
fully observable. A generalization of a MDPs are partially observable
MDPS (POMDPS), in which the agent receives an observation O, € O.
The distribution of the observation is P(O;;1|S:+1|A4¢)[4], which is de-
pendent on the current state and the previous action. The problem ex-
plored in this thesis is a POMDPS, as the agent observes, for instance,
prices, volumes and other scalar values.

Value Functions. Most RL algorithms involve estimating value func-
tions of states or state-action pairs. These estimate how good it is for
an agent to be in a certain state [61, 41]. The value of a state s under a
policy 7 is denoted v, (s). This is the expected return when starting in
s and following 7. Below is the state-value function for policy

Ux(s) = Ex[Gy|S: = s] = Ex

> VRS = s] VseS. (220
k=0
Note that the value of the terminal state is always zero [61]. Similarly
one can define the action-value function for policy = [61], which is the
value of taking action a in state s under policy 7, denoted ¢ (s, a). This
is the expected return starting from s, taking the action a and therefore
following policy 7

Z7th+k+1|St =s54r=a
k=0

Gr = Ex[G|S, = 5, Ay = a] = E, (221)

Equation 2.20 and Equation 2.21 can be estimated from experiences or
by using Monte Carlo Methods [61].
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Bellman equations & Optimality. Both Equation 2.20 and Equa-
tion 2.21 satisfies recursive relationships, which are commonly known
as Bellman equations [61]:

Uy = E[Gy|S; = 5] = Ex[Riy1 + 7Gi4a|S = 5] (2.22)

Or = B[Ry +7G41|S: = 5, Ay = af (2.23)

From Equation 2.22 and Equation 2.23 the Bellman equations expresses
a relationship between the value of the state and its successor states.
However, solving a RL task implies finding a policy that achieves a lot
of reward over the long run, i.e., looking for optimal policies (m > ©'). It
is common to denote all optimal policies with 7. They share the same
state-value and action-value functions [61]. Therefore, it is of interest
to maximize the following;:

U4(s) = max v, (s) (2.24)

q+(8,a) = max ¢ (s, a) (2.25)

Using Equation 2.24 and Equation 2.25 together with the Bellman
equations in Equation 2.22 and Equation 2.23 yields the Bellman opti-
mality equations:

v.(s) = max Er [Rit1 + Y0 (Sis1)|Se = s, Ay = d

2.26
= max Zp(s’, rls, a)[r + yv.(s')] (226)

q*(S, CL) = E[Rt+1 + 7m3x q*<St+1,a’)’St =S, At = CL]
(2.27)

— Zp(s', r|s, a)[r +ymax g.(s’, a’)]

s'r

For a finite MDP Equation 2.26 and Equation 2.27 have a unique solu-
tion independent of the policy [61]. Nevertheless, in practice there is
no closed form solution for these equations. Therefore, one must re-
sort to approximate and iterative methods using dynamic programming
or Monte Carlo methods.
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2.3.2 Exploration versus Exploitation

There is a trade-off between exploration and exploitation when training a
reinforcement learning agent. Exploration refers to taking actions that
come from the current best version of the learned policy. Exploration
instead is concerned with taking more actions to obtain more train-
ing data [26]. The dilemma is that neither exploration nor exploitation
can be pursued exclusively without failing at the task [61]. There exist
some strategies to balance the trade-off between exploration and ex-
ploitation, e.g, by employing a greedy approach shown in Equation 2.27
choosing the action with the highest payoff [61, 62]:

A, = argmax@y(a) (2.28)

A simple modification of Equation 2.28 is to fix e > 0 and choose a ran-
dom selected action, with probability € and go with the greedy choice
otherwise. This strategy is called e-greedy. Another approach is Boltz-
man exploration [61, 62] which is given the sample means of the actions
at time ¢. The next action is then drawn from the multinominal distri-
bution of 7;, where:

exp (qi(a)/T)
M= S e @mm ~ ™ 22
Here in Equation 2.29 7 is a temperature parameter which is annealed
over time. Finally, there also exist approaches based on the concept of
optimism in the face of uncertainty. This basically means that the learner
should choose the action with the best upper confidence bound (UCB)

[61, 62]:
A; = argmax [Qt(a) + ¢y ]\1;1(2)] (2.30)

In Equation 2.30 ¢ is the time, c controls the degree of exploration and
Ni(a) is the number of times that action a has been selected [61].
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2.3.3 Algorithms & Learning in RL

One can characterize RL problems into two main classes: prediction
and control where each is followed by different approaches as value it-
eration, policy iteration and policy search [62]. These different approaches
use different algorithms. Note that all these algorithms are imple-
mented in both [52, 21, 56] libraries used in the thesis. In general deep
reinforcement learning is based on the algorithms below but with deep
neural networks to approximate V*, Q* and A* [4].

Dynamic Programming & Monte Carlo Methods. In order to find
optimal solutions for Equation 2.26 and Equation 2.27 one must resort
to using approximate methods as dynamic programming. The key
idea of dynamic programming is to use the value functions to orga-
nize and structure the search for good policies [61, 62]. Once a policy
7 has been improved using v, to yield a better policy 7', one can then
compute v. and improve it again to yield policy 7" [61]. This is what
policy iteration is about and is described more in algorithm 2 found in
Appendix B.

One drawback with algorithm 2 is that it is quite computationally ex-
pensive as it involves policy evaluation over the full state space [61]. A
remedy for this is value iteration. The basic idea is to use early stopping,
i.e., one update of each state, which is shown in algorithm 1 in Ap-
pendix B. Conversely Monte Carlo methods (MCM) require only experi-
ence, i.e., sample sequences of states, actions, and rewards, from actual
or simulated interaction with the environment [61]. MCM solves rein-
forcement learning problems based on averaging sample returns.

Q-Learning & SARSA. Temporal difference (TD) learning can be seen
as a combination of Monte Carlo methods and dynamic programming.
The algorithm learns directly from raw experience without a model of
the environment’s experience [61, 4]. The simplest TD method makes
the following update in Equation 2.31:

V(St) — V(St) + [Rt+1 + ’}/V(St+1 - V(St)] (231)

This idea is applicable both to Q-Learning and State-action-reward-state-
action (SARSA) which are both cases of TD learning.
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However, Q-Learning is an off-policy method whilst SARSA is an on-
policy method [61, 4]. On-policy methods attempt to evaluate or im-
prove the policy used to make decisions. Off-policy methods instead
evaluates or improve a policy different from that used to generate the
data [61]. In other words, on-policy methods estimate the value of a
policy while using it for control, whilst off-policy methods uses two
separate policies instead. One called behavioral policy and the other tar-
get policy [61]. Moreover, the goal is to learn an action-value function
which is estimated with @, instead of a state-value function. The up-
date rule for SARSA is given below in Equation 2.32:

Q(St, Ar) < Q(S, Ar) + a[Rip1 +7Q(Siy1, Ary1) — Q(Sy, Ay)] (2.32)

Q-learning instead estimates ¢. ° with the learned action-value func-
tion () independent of the policy being followed [61]. The main update
rule for Q-learning is given below in Equation 2.33

Q(St, Ar) < Q(S, Ar) + « [RtJrl + Wmé%XQ(StH, a) — Q(S;, Ay)| (2.33)

Deep Q Networks (DQN). In Mnih et al. [46] they present Deep Q
Learning (DQN), which replaces the ) function with a neural network
called Q-network. This method also keeps track of some observations
in memory which is called experience replay [46]. The agents experi-
ence is stored in e; = (s;, a7, S141) at each time step in a data set
D, = {e, ...,e;}. In the Q-learning algorithm, updates from the expe-
rience memory is drawn uniformly [46]. Mnih et al. [46] use a deep
convolutional network to approximate the optimal action-value func-
tion *. The Q-learning update at iteration 7 uses the loss function in
Equation 2.34 below:

2
Li(0:) = Esaps)~u(D) [(7” +omaxQ(s', d', 07) = Q(s, a; 90) ] (2.34)

here ~ is the discount factor, 6; are the parameters of the Q-network.
0; is the parameters of the target network [46].

(2

>The optimal action-value function.
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Policy Gradients & Proximal Policy Optimization (PPO). Policy
gradients methods work by directly computing an estimate of the gra-
dient of policy parameters in order to maximize the expected return,
by using stochastic gradient descent [5, 57]. The most common esti-
mator is shown below in Equation 2.35:

g = Et Vo log W@(at|8t)At] (2.35)

where 71y is a stochastic policy and A, is an estimator of the advantages
function at time-step ¢t. The advantage function is shown below in
Equation 2.36:

A

Ay = =V (s) + 1 + 97141 + T e 4 ’YTftV(ST)- (2.36)

Schulman et al. [57] proposes a new family of policy gradient meth-
ods, that alternates between sampling data through interaction with
the environment and optimizing a "surrogate" objective function using
stochastic gradient ascent. The surrogate function is given by Equa-
tion 2.37 below:

LEMPIVESS () = B, = [LEMP(0) + e LY F(0) + e2S[ma(s0)]  (2.37)

where ¢, ¢, are coefficients, and S is an entropy bonus. LEHP is the
clipped surrogate objective and L;* is a squared-error loss [57].
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2.3.4 Issues with deep RL

The use of reinforcement learning, and especially deep reinforcement
learning, has been glorified for some time due to a lot of promising
results as the ones presented in Silver et al. [59, 60]. With this in mind,
these impressive results would not have been possible without the use
of reinforcement learning. However, training and using reinforcement
learning is not trivial, where some of the major issues are presented
below:

1. Deep RL can be sample inefficient. Reinforcement learning has its
own planning fallacy. Learning a policy usually needs more sam-
ples then what one thinks [34]. Simulations run on the popular
MuJoCo physics environment need for instance between [10°, 107]
time steps to learn different task [31].

2. Performance compared to other methods. In theory RL can work for
everything, including experiments where a model of the world is
not known. However, this comes with the price, that it is hard to
exploit any problem specific information that could help learning
[34]. The rule-of-thumb is that domain-specific algorithms tend
to work better and faster than RL, except for rare cases.

3. Reward design is hard. It seems to be hard to design a reward
function that encourages the behaviour one wants the agent to
learn. Badly designed rewards can lead to overfitting of the agent
to the reward. This is why it is important to design a relevant
reward signal [61, 34]. Often shaped rewards® are easier to learn
compared to sparsed rewards’. Some possible remedies however
are to use sparsed rewards or careful shaping of the reward [34]

4. Generalization. If you want to be efficient in one specific envi-
ronment, you tend to overfit. However, generalizing an agent to
another environment would result in bad results [34] meaning
that transfer learning is not easy to archive.

®Increasing rewards in states that are close to the end goal.
’Only gives reward in goal state.
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Related Work

In this chapter previous related work is presented, to give an overview
over what has been done previously, as well as current state of the art.
Also the difference between this work and previous work is discussed.
The chapter is divided into the following sections: Agent based Financial
Markets, Market Microstructure and Reinforcement Learning in Finance.
An overview of previous research is presented in Table 3.1.

Table 3.1: Summary and comparison of most important previous re-

lated work by category, with comparison to this work.

Agent based Financial Markets

Study Techniques Strategies Difference to this work
Chartist
Fundamentalist Not realistic
Raberto et al. [54] na Random prices behaviour
i K Technical
Genetic Programming Fundamentalist Not realistic
Martinez-Jaramillo and Tsang [45] Decision Trees Noise environment
Technical
) . Risk-averse
Genetic Programming Mean-variance
Brandouy, Mathieu, and Veryzhenko [9] Human agent random Matching engine

Market Microstructure

Dynamic Not focused on
Ho and Stoll [33] Programming Market Maker limit order book (LOB)
Glosten and Milgrom [25] Dynamic Programming Focused on Dealer Market
Das* [18] and Das [19] Bayesian Learning Market Maker Information based models
Reinforcement Learning in Finance
Q-Learning Trading Dynamics
Recurrent Reinforcement Algorithmic not main focus
Moody and Saffell [47] Learning (RRR) Trading Different value functions
Q-Learning Optimized Trade execution
Kearns and Nevmyvaka [36] Reinforcement Price Prediction
Hendricks and Wilcox [32] Learning Dealer / Market Maker No LOB
Q-Learning
Inverse Reinforcement
Yang et al. [68] Learning HFT Trader Trader Identification
Dealer with and without inventory
Q-Learning Parasitic Dealer Tick size changes
Reinforcement Learning Dynamical Dealer, Q-Learner Not using PPO or DQN
Darley [17] Dynamic Programming Spread Learner No LOB
] Number of agents
Q-Learning No DQN or PPO agent
Pastore, Esposito, and Vasilaki [51] Reinforcement Learning Market data
Rutkauskas and Ramanauskas [55] Genetic algorithm Naive / Short-term No LOB

27
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3.1 Agent based Financial Markets

The field of finance and economics have used various approaches to
model financial markets. Among these, three main groups of approaches
can be distinguished: statistical models, Dynamic Stochastic General Equi-
librium (DSGE) models and Agent-Based Models (ABM) [42]. Agent-based
financial markets of different characteristics have been developed for
some time. An early model is given in [54] where they, in their Geona
market, have agents adopting strategies as chartist, fundamentalist or
at random. A drawback with the model is that it does not manage to
correctly represent the price behavior in the market [54]. In this thesis
the author aims to do so by using reinforcement learning instead.

Good overviews of agent-based modelling in a financial setting, are
given in [45, 7, 40]. A more recent overview of agent based mod-
elling in finance and economics is presented in [42]. In Martinez-
Jaramillo and Tsang [45] they introduce CHASM which is a software
platform that allows users to experiment with different market sce-
narios. This market is composed of technical, fundamental and noise
traders, where genetic programming seems to be the core learning pro-
cess employed and decision trees. A difference between the study by
Martinez-Jaramillo and Tsang [45] and this thesis, is that the environ-
ment used will be more complex, with a matching engine and different
algorithmic trading strategies as market making. To successfully study
market microstructure phenomena, the author will use reinforcement
learning instead of genetic programming or decision trees for training
the agents in the complex simulated environment.

There are two major approaches to agent-based financial market sim-
ulations, where the first one focuses on specific market structure. The
second approach is more focused on generating a flexible environment
with flexible settings for the agents employed [9]. This thesis will focus
more on the second approach in order to see what type of behaviour
the agents exhibit exposed to different market conditions. Namely,
the dealer and limit order book markets. In Brandouy, Mathieu, and
Veryzhenko [9] they design an artificial stock market called ATOM
based on the Euronext-NYSE Stock exchange with the possibility to
add human agents.
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They have, for instance, a limit order book as this thesis aims to use.
However, it is unclear whether they employ a functional matching en-
gine, which this study will use by using a simulated limit orderbook
market. They also use different types of agents, for instance, zero in-
telligence traders, technical traders, evolutionary agents, risk averse agents
and mean-variance agents. Nevertheless, none of these are based on re-
inforcement learning that will be used in this thesis.

One of the main benefits with using agent-based modelling is that they
demonstrate the ability to produce realistic system dynamics, which
are comparable to those observed empirically [53]. In the study by
Platt and Gebbie [53] they calibrate their agents by using heuristic op-
timization, Nelder-Mead simplex algorithm and a genetic algorithm.
They use a simpler form of matching engine in their study, and they
also use a low-frequency trader and high-frequency trader. This thesis
focuses on simulating the behaviour of a market maker.

3.2 Market Microstructure

Market microstructure studies the process by which investors’ latent
demands are ultimately translated into prices and volumes [44]. It is
of importance for this thesis to understand market microstructure both
theoretically and empirical in order to replicate and even find new in-
teresting behaviour of the agents, employed in this kind of environ-
ment. In Haferkorn [27] and Agarwal [3] the effects of HFT trading
and fragmentation are discussed, which is of interest for market mi-
crostructure, as fragmentation leads to more competition on the mar-
kets, that might be demonstrated by the agents. Some common ref-
erences that are used in the state of the art market microstructure re-
search are found in [50, 30, 44, 43].

In [50, 30, 44, 43] both inventory-based and information based models are
discussed. However, in this thesis the author focuses on inventory-
based models for the learning agents. Moreover, information-based
models can be used in future studies. A common inventory-based
model, that uses dynamic programming to find the optimal dealer
price in a one-dealer market is given in Ho and Stoll [33]. This model
is the core idea for the simulated dealer markets used in this thesis.
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A problem with the model in [33] is that there is no closed form
solution, thus approximations are used to get arbitrarily close to the
real solution. By using reinforcement learning the author hopes to be
able to replicate known behaviour of financial agents, that have been
shown in previous papers, extending it and see how the agents per-
form and behave in a more complex market with a limit orderbook.
The information-based models on the other hand tries to incorporate
the element that some traders are more informed than others, which
is called asymmetric information or adverse selection in the market mi-
crostructure literature [50, 30].

A recent model handling asymmetric information is the one presented
in [19, 18], which is an extension of the model presented in Glosten
and Milgrom [25]. The Glosten and Milgrom model derives the mar-
ket makers price by setting equations under asymmetric information
to be such that the bid /ask quotes are the expectations conditioned on
if the order is a buy or sell order. In Das* [18], on the other hand, they
employ a non-parametric density estimate of the true value or funda-
mental value of the stock by using Bayesian Learning.

The author will be training agents on an environment similar to the
one described in [18] but with reinforcement learning instead, with
the aim of seeing the same market dynamics as they did in their study.
This to further validate the agents learning of possible trading dynam-
ics before using them on the more complex model with the match-
ing engine. Finally, in O’Hara [49] they mentioned that in a high-
frequency world, older empirical models may no longer be appropri-
ate. This thesis aims to provide a step in a new direction for this type
of research by employing reinforcement learning.
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3.3 Reinforcement Learning in Finance

Reinforcement learning or neuro-dynamic programming as it also have
been called in the literature, have been used previously in a financial
setting. Some of the earlier applications have been mainly in trading.
In Moody and Saffell [47] the authors explore the opportunity of us-
ing reinforcement learning for trading using Recurrent Reinforcement
Learning (RRL) and Q-learning whilst looking at the S& P 500 index.
Not that much focus is on trading dynamics, which will be the focus
of this thesis on a completely different market. In [20, 22, 65, 14, 6]
they discuss the usages of different types of reinforcement learning al-
gorithms for trading, where trading is done in, for example, foreign
exchange or the energy market.

However, none of these use a matching engine or a more complex en-
vironment with several HFT /market maker agents, or with the possi-
bility of completely changing the market conditions. This thesis aims
to do this with the EXSIM simulations. In Kearns and Nevmyvaka
[36] they give a good overview of how reinforcement learning is used
in market microstructure and high-frequency trading, with some use-
cases in optimized trade execution, prediction of price movements and
optimized execution in dark pools. In [48, 32] optimized trade execu-
tion is studied with the help of reinforcement learning, which is of
importance in market microstructure and might be examined in this
thesis. However, for this thesis one of the main objectives is to un-
derstand and successfully replicate known behaviour of traders in a
dynamic market. Some recent studies concerned with understanding
the behaviour of traders are presented in [68, 69], where they use in-
verse reinforcement learning (IRL) on trading decisions.

The main idea underpinning IRL is to find the reward function given
the observations of optimal trading behaviour and then use it for trader
identification. Though it is interesting, this thesis is not interested in
capturing key characteristic of already optimal HFT strategies. In-
stead, the author wants to see what optimal or not optimal behaviour
the agents will use, and how they will react to changed market condi-
tions. Therefore, reinforcement learning is used instead. Some previ-
ous studies exist using reinforcement learning for market making see,
for instance, [35, 15, 23, 58].
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Market making strategies will hopefully be implemented and learned
by the agents trained in this thesis. However, these are not exclusive,
as they agents might demonstrate other strategies. In Cartea, Jaimun-
gal, and Penalva [13] some common algorithmic trading strategies are
presented, focusing on stochastic optimal control. A previous study
has also been done at NASDAQ investigating the effects of tick size
changes Darley [17], where the strategies employed were a simpler
form of reinforcement learning together with dynamic programming
approaches. This study works as inspiration for the thesis, however
the thesis will be different in that it incorporates a more realistic simu-
lated market, With the matching engine, and several different types of
agents. Other studies that have been modelling stock agents are [51,
55]. This study aims to do the something similar but on the Nordic
stock market, as this study wants to understand the trading dynamics
created by market makers.

Nevertheless, in order to train the agents in the trading environments,
a good understanding of reinforcement learning is needed. In [4, 46,
41] good overviews of the current state of the art deep reinforcement
learning (RL) is presented. Recently, some of the state of the art re-
search, has been driven by DeepMind and their work with the game
Go (see, for instances, [59, 60, 64]), that serves as inspiration of best
practices. Competitive self-play is introduced and examined in [5, 57],
which can be used for future research of using multiagent reinforce-
ment learning. In [11, 12] some of the most common multiagent rein-
forcement learning strategies are discussed.



Chapter 4

Research Summary

In this chapter, a summary of the research methodology is given. An
overview of the research process is shown in Figure 1.1.

4.1 Research Methodology

Identify Research

. See Research
Question & Goals

Question.

i * Quantitative Research
Choice of Research *  Experimental

* Deductive
Methods )
Experiments

l *  Statistics /Computational Mathematics

Litterature Study

| !

. Implement
Evaluate Solution |¢----------oo oo » prem
Solution
T— Experiments <—[
See more in
chapter 5.

Figure 4.1: Overview of the different research methodology stages
conducted during the thesis.
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4.1.1 Research Question
The research question for this thesis is shown below:

Research Question 4.1.1. Will trading dynamics such as bid-ask spread
clustering, optimal trade execution and optimal inventory costs be ex-
hibited & learned by reinforcement learning agents on a simulated
Nordic stock market.

4.1.2 Research Goals

The overall goal of this thesis is to understand trading dynamics on a
simulated market when market conditions are changed. This goal can
be divided into two research goals:

Research Goal 4.1.1. Be able to simulate the effect of any change to
market structure.

Research Goal 4.1.2. Applying reinforcement learning to a more com-
plicated environment such as the financial markets.

4.1.3 Research Challenges

While conducting this research some research challenges have been
identified and somewhat dealt with:

Research Challenge 4.1.1. Simulating a realistic limit orderbook.

With the current implementations of different reinforcement learn-
ing libraries, there does not exist any pre-built limit order market en-
vironments. Therefore, the first idea was to use parity a JAVA based
exchange engine . However, it turned out to be quite difficult to use
this as an environment because it would require some extensive cod-
ing to create a wrapper. In order to target this challenge, an own limit
order market environment was built with an orderbook and matching
engine, inspired by how the NASDAQ limit orderbook market works,
namely the INET ? trading system.

Research Challenge 4.1.2. Training of the agents and accurate learning
of agents.

https://github.com/paritytrading/parity
’https://business.nasdaq.com/trade/trade-management/
technical-information/inet-nordic.html


https://github.com/paritytrading/parity
https://business.nasdaq.com/trade/trade-management/technical-information/inet-nordic.html
https://business.nasdaq.com/trade/trade-management/technical-information/inet-nordic.html
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Training reinforcement learning agents can be quite difficult and
requires both time and tuning of parameters, reward functions and
other quantities of interest, as well as a lot of computing power to fa-
cilitate training. However, to target this challenge, the author tried to
monitor how the agents were thinking by visualizing the agent’s ac-
tions at each time step. More details regarding the visualization are
in chapter 5. The author also monitored the mean, standard deviation
and other algorithm related metrics at the end of each episode, to tune
hyper-parameters random search was used. The author also looked at
how many time steps each episode had, in order to understand if the
agent solved the problem faster or lost more often.

Research Challenge 4.1.3. Creating accurate rewards to guide the agents
in learning optimal actions.

Shaping rewards in an accurate way so that an agent learns a wanted
behaviour is not easy. This is still an active research field today, as bad
design of rewards can lead to overfitting. See more regarding shaping
of the rewards in chapter 2. Furthermore, to target this challenge, the
author have used sparse rewards. First, in the earlier experiments, and
then later the author switched to shaping of rewards in later experi-
ments, as this seemed to yield better results.

4.2 Research Methods

The choice of methods shown in Figure 4.1 are based on using the por-
tal methodology in [28]. The work in this thesis is performed using
quantitative research by conducting various experiments in the dif-
ferent agent environments later, to test the behaviour of these agents
using different tests and hypothesis [28]. The different environments
are covered in more depth in chapter 5. However, as the author is
also trying to establish relationships between different variables, the
research can also be seen as experimental research [28]. Running all
simulations results in big amounts of data that needs to be examined,
processed and analyzed. Therefore, this thesis uses deductive reason-
ing to compare and test the results of this thesis to previous studies.
Finally, statistics are used to analyze the collected data and evaluating
its significance.
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4.2.1 Literature Study

For the literature study, mainly available commercial and non com-
merical databases such as IEEE, arkivX.org, Google Scholar and Science-
Direct have been used, to get access to the state of the art. Also some
searching has been done throughout the web on, for example, different
blogs, that recommended certain papers or cases, where relevant refer-
ences were identified. Some books on market microstructure have also
been provided by the principal. Three information streams have been
identified as relevant Artificial Financial Markets, Market Microstructure
and Reinforcement Learning in Finance. After a first initial search, some
25 papers have been found to be relevant, where the most relevant
papers have already been covered in chapter 3.

4.2.2 Implementation, Experiments & Evaluation

Regarding the technical implementation, experiments and evaluation,
this is covered in more depth in chapter 5. However, from a method-
ological standpoint, some discussion about these is presented in the
next sections.

4.3 Validity

In this section a discussion about validity is provided covering both
construct, internal and conclusion validity. This is of importance when
needing to devise different tests, in order to make sure that the simu-
lated data from each simulation is valid. Validity in short indicates
the degree to which an instrument measures what it is supposed to
measure [39].

4.3.1 Construct Validity

A measure is said to possess construct validity to the degree that it
confirms to predicted correlations with other theoretical propositions
[39]. In other words, if the measure behaves as the theory says. In this
thesis the author compares the obtained results with what is stated in
previous studies and literature to enforce more construct validity.
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4.3.2 Internal Validity

Internal validity is avoiding experimental artifacts in experiments, which
is an interpretation of an experiment that is a mere illusion. How-
ever, also avoiding confounding variables * that can introduce biases
and increased variance. Indeed, internal validity is connected to ex-
perimental control of background conditions. By following research
paradigms and using relevant features, one hopes to avoid this. When
doing simulations in the thesis, the author has the possibility to limit
and change the number of relevant parameters. Thus, by changing
the parameters throughout the experiments the author examines the
effect of these closely, in order to handle and avoid any experimental
artifacts.

4.3.3 Conclusion Validity

Conclusion validity is a measurement of the extent to which conclu-
sions about relationships of variables are reasonable, which is con-
nected to the analysis of the collected data [63]. In this thesis the au-
thor employs regression analysis to look at, for instance, price impact,
to determine relationships between some of the variables. The author
also looks at the correlation between some of the variables, as well as
discussing the obtained results with people having subject matter in
market microstructure, with the main goal of increasing the conclu-
sion validity of the thesis results.

4.4 Ethics

Ethics independently of quantitative or qualitative research is the moral
principles in planning, conducting and reporting results of research
studies [28]. There have not been identified any possible ethical vio-
lations by conducting this research, as all the data used is simulated
without any connection to real-world market participants. The author
also believes that the results of this thesis cannot be used for any un-
ethical behavior.

3An independent variable that has not been taken into account effecting depen-
dent variables.



Chapter 5

Implementation

5.1 Overview

DealerMarket-V1 DealerMarket-V2 LOBMarket-V1

e

L » Visualization «—

v

Evaluation

Time

Figure 5.1: Overview of the implementation of the different agents and
environments in the thesis.

In this chapter the implementation and experiments on the different
agents and environments used are described. In Figure 5.1 an overview
is provided, which will be addressed more thoroughly in the following
sections.
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5.2 Environments & Experiments

Table 5.1: Major differences between the environments, where a; is
what action, h, how much history given, i.e., the last frames. Offset
and slope is used for the demand curves. Each environment is seen as
a way of changing the market structure for the agents.

Agent a; o A Reward Offset Slope h; Funds Inventory
dmvl 4 0.2 10 Equation5.7 10 — 10 108 1000
dmv2 6 15 5 Listing 5.1 8 0.5 10 108 1000
lobvl 10 2.0 150 Listing5.2 8 5 10 2-10° 200

In this thesis new OpenAl environments were created, in order to
simulate both dealer markets and limit orderbook markets, which are
based on the papers and ideas presented in chapter 2.

The environments used are DealerMarket-v1, DealerMarket-v2 and the
LOBMarket-vl, where the main differences between them are shown
above in Table 5.1. Nevertheless, the same types of experiments have
been run for each individual environment:

1. Firstly, by running the models for a shorter period of time to find
relevant hyper-parameters using random search, for some 100 it-
erations. Each run was simulated for 200-500 episodes of a max-
imum 10 000 intervals or time steps.

2. Secondly, training the models for some two million time steps for
intervals of 10 000" to collect data, monitor and visualize learning
of the agent. Here the author also used different random seeds
in order to take into account randomness in the results.

3. Thirdly, testing the environment on a random agent/policy to
use as benchmark against the trained agents, in order to see if
the agent has actually learned anything.

4. Finally, performing statistical tests and price impact regressions
on the collected data to see if phenomena from the literature can
be found.

'Each time step is equivalent to 1/10th of a second. Meaning that each simulation
last for at most (1000 * 2000) /(3600 * 8.5) ~ 555 hours or some 65 trading days.
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5.2.1 DealerMarket-v1

This environment is inspired by the ideas underpinning Ho and Stoll
[33], meaning that the equilibrium price is following a Brownian mo-
tion, and a changing demand curve controlled by the slope parameter
in Table 5.1. Also note that the orders in the simulation arrive accord-
ing to a Poisson distribution based on the demand curve. All these
parameters are all changing after each episode in the OpenAl envi-
ronment. DealerMarket-v1 only has a single agent, who is a dealer or
market maker with four possible actions: Move bid up (0), Move bid
down (1), Move ask up (2) and Move ask down (3). There are no hid-
den states in the environment, in order to make it fairly easy for the
agent, to use this as a benchmark to other environments and agents.

As, input (only the last 10 frames), the agent has the following ob-
served state variables: volume imbalance, offset imbalance, inventory im-
balance, spread, wealth and share value. These are feed into the environ-
ment during training (when the agent samples possible actions) using
the OpenAl class. Each called [ibv, ibo, ibif, sp, w, v] hereafter and de-
fined below:

ibv = (last at bid - last at ask)/(last at bid + last at ask) (5.1)

ibo = (off set ask + offset bid)/(spread) (5.2)
ibif = (inventory - funds/ref price)/(wealth) (5.3)
sp = (offset ask - offset bid) (5.4)

w = (funds/price ref + inventory) (5.5)

v = share value (5.6)

The state variables in Equation 5.1 to Equation 5.6 are changing through-
out the training of the agent, where the agents’ goal is to optimize its
reward, shown in Equation 5.7:

Reward = Ainventory + A funds (5.7)

Hence optimizing the change of the agents’ reward depending on its
cash and inventory at each time step.
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5.2.2 DealerMarket-v2

Change in underlying reference price

1400 +

1200 +

1ce

1000 +

Pr

800 4
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Number of Episodes (10 000s)

— Ref price (intial value=1000)

Figure 5.2: Example showing the change in reference price for the
DealerMarket-v2 environment.

The DealerMarket-v2 agent instead has these actions: Move bid up (0),
Move bid down (1), Move ask up (2), Move ask down (3), Move ref
price up (4) and Move ref price down (5). In Figure 5.2 the reference
(ref) price is used to simulate price changes. Also, looking at Table 5.1
this environment is more volatile and complicated. The reward func-
tion is also different, shown in Listing 5.1. In practice the agent is given
(+1) for each share worth of wealth at the end of an episode, the agent
is also penalized with —100x (% time left) when running out of cash,
where tv-true price, ti-inventory, ii-initial inventory, iv-initial value,
tf-funds, i_f-initial funds, sc-current step and sm-maximum step

if( not(self._is_episode_over())):
return -1 x ((self.events.volume_bid==0)*x0.005 +
(self.events.volume_ask==0)*0.005) =«
(self.state.offs_bid+self.state.offs_ask) /50
else:
return (tvxti-iixiv)/iv + (tf-i_f)/iv
-100* ((sm—-sc) /sm) #-0.01%x10000

Listing 5.1: Reward function for DealerMarket-v2.
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5.2.3 LOBMarket-v1

In order to, make the experiments more realistic a simplified version of
a limit orderbook market was used with an orderbook and matching
engine. Firstly, what the agent observes is a bit different from before.
As input the agent gets the 10 last frames, however now with the fol-
lowing variables: stance bid, stance ask, best bid, best ask, the agents best
bid and ask, offset of bid and ask, trades and levels for bid and ask, the agents
trades, imbalance volume, imbalance of wealth and relative wealth. In total
25 scalar statistics that are what one could expected to be distributed
out to participants on a real trading platform?.

Secondly, levels here indicate the vision width in each direction from
the reference price, where the agent can see (+20/ — 20) directions of
previous prices in the LOB. The reward function is slightly changed
and varies a bit, as shown in Listing 5.2. As with DealerMarket-v2 (see
Listing 5.1) the move from sparse rewards to more carefully shaped
rewards is due to better performance when training the agents.

# 1if time, inventory or funds didn’t run out
if( not (self._is_episode_over())):
return
min(l,max (-1, atvbx ((ampb-self.info[’price_true’])
/self.info[’'price_true’]))) \
+ min(l,max (-1, atvax ((ampa-self.info[’'price_true’])
/self.info[’price_true’l)))
else:
return ((tv*ti-iixiv)/iv + (tf-i_f)/iv
-5xself.events[’went_broke’] -25x((sm—-sc—1)/sm))

Listing 5.2: Reward function for LOBMarket-v1

Finally, as outputs the agent has ten actions, the same six actions (0) to
(5) as in DealerMarket-v2. However new for this environment is four
other actions: move, submit or cancel orders at bid or ask quote prices.
The environment flow simulation is the same as before with Poisson
arrivals of orders et cetera. In terms of complexity, this environment
is seen as the hardest for the agent to learn and navigate in, as seen in
Table 5.1.

2At NASDAQ this type of information is sent out via the so called Net Order
Imbalance Indicator (NOII).
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5.3 Implementation

5.3.1 Neural Network Models

The following Neural networks models were used in the different en-
vironments, which were found after both hyper-parameter search, and
what have been used in previous literature. All the models used are
shown on the next page in Table 5.2 and figures Figure 5.3 to Figure 5.5.
For DealerMarket-v1 the author trained a 8-layer fully-connected neu-
ral network (FCNN) using the DQN agent and Boltzmann policy with
LeakyReLU as activation layer.
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Figure 5.3: Neural Network for DealerMarket-V1 using 7 fully con-
nected layers and leaky ReLU as activation function. Input is the ob-
servable state variables, which are flattend to be feed into the network.

For DealerMarket-v2 the author also trained an 8-layer fully-connected
neural network (FCNN) using the PPO agent and with ReLU as acti-
vation layer. Here the agent also has six possible actions as seen in
Figure 5.4 on the next page.
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Figure 5.4: Neural Network for DealerMarket-v2 using 7 fully con-
nected layers and leaky ReLU as activation function. Input is the ob-
servable state variables.

For LOBMarket-v1 the author trained an 8-layer fully-connected neu-
ral network (FCNN) with two LSTM layers, using the PPO agent, with
ReLU as activation layer. Here the agent instead has ten possible ac-
tion as output, as seen in Figure 5.5.
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Figure 5.5: Neural Network for LOBMarket-v1 using 5 fully connected
layers and 2 LSTM layer. With ReLU as activation function. Input is
the observable state variables some 25 scalar values. Output is one of
ten actions.
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Table 5.2: The different network architectures used in the thesis. Type
indicates what type of agent used and policy. The random agent is
sampling via a uniform distribution from different actions.

Environment Architecture Type Library
DealerMarket-vl  8-layer FCNN DON + Boltzmann keras-RL
DealerMarket-v2  8-layer FCNN PPO + ¢ - decay tensorforce
DealerMarket-v2 Random model Random policy tensorforce
LOBMarket-vl ~ 6-layer FCNN + 2 LSTM  PPO + ¢ - decay tensorforce
LOBMarket-vl ~ Random model Random policy tensorforce

In Table 5.2 the main network architectures and models used are
shown. DealerMarket-v1 is the only agent using keras-RL and DQN,
which did not have any option of training a random policy. The two
other environments used tensorforce and the PPO algorithm. As can
be seen on the previous page, the network architectures are quite sim-
ilar with the following number of hidden neurons (in each individual
layer): [1024,512,512,256,256,128,64]. This was based on both trial
and error, the hyper-parameter search and previous papers.

The main differences are that both DealerMarket-v1 and DealerMarket-
v2 use only fully connected layers, whereas LOBMarket-v1 has added
two recurrent LSTM layers. Looking at Table 5.3 the chosen hyper-
parameters from the random search and previous papers are presented.

Table 5.3: Values of the different hyper-parameters used, that were
chosen in the thesis. Learning rate (1), episodes (eps), memory (mem),
policy parameters (7, ¢), clipping (¢), Generalized Advantage Estimate
(GAE) lambda ().

Environment Type Hyper-parameters Values

DealerMarket-vl DQN [, eps, mem, 7] [1e=,2-105 1-10°0.25 ]
DealerMarket-v2 PPO  [n, eps, mem, ¢, \] [3e7*,2-10%, 3.2 105, 0.2, 0.97]
LOBMarket-vl ~ PPO  [n, eps, mem, e, \] [le™,2-10% 3.2 105, 0.2, 0.97]
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5.3.2 Software & Hardware
OpenAl Gym & Baselines

OpenAl Baselines is a state-of-the-art library used for research and
testing of different reinforcement learning algorithms created by Dhari-
wal et al. [21]. From the library this work has implemented the previ-
ous mentioned environments.

keras-RL

Keras-RL is a library for reinforcement learning, developed by Plap-
pert [52] with some state-of-art reinforcement learning algorithms such
as: Deep Q Learning and SARSA. It is an easy to use interface of keras
modular API for building neural networks. This library also works
seamless with OpenAl, which was why it was selected to be used
as the primary library for this project. However, as the project pro-
gressed, another more up-to-date library that was more frequently up-
dated was needed. Hence the choice fell on Tensorforce.

Tensorforce

Tensorforce is developed by Schaarschmidt, Kuhnle, and Fricke [56],
and is another python based reinforcement learning library. Built on
top of Tensorflow with a modular API passing parameters using python
dictionaries. Some implemented agents in the library that are of inter-
est for this project are AC3, PPO, DQN and both a random and constant
agent for sanity checks [56].

Platform specification

The majority of the experiments and simulations were performed on
a virtual machine on AWS. The author used a p2.xlarge EC2 instances
on AWS, with the following specifications: 1 Tesla K80 GPU, 4 vCPUs
and 61 GiB RAM. For initial testing and debugging local experiments
were also run on a Intel i5 dual-core CPU with 2,40 GHz and 8 GB
RAM with a Windows 10 Pro operating system.
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5.4 \Visualization

&5 Limit Order Market Visualiser v0.2 - X

Figure 5.6: Example of visualization during training. Showing how
an untrained agent posting bid and ask quotes in a LOB. Purple bricks
are ask levels, blue are bid levels, whilst yellow are the agents asks,
green the agents bids. Finally, pink and blue are the agents ask and
bid trades.

In order to understand what the agents are doing, some visualiza-
tion have been employed. Firstly, during training using the pygame’
python library, the visualization shows what bid and ask quotes that
the agent thinks are the best to quote. An example of the visualization
is shown in Figure 5.6. The gray bricks in the background are the cur-
rent demand and supply curves, where purple bricks are the current
ask levels in the LOB. Conversely blue bricks are the bid levels, yellow
is the agent’s ask qoute, and green the agent’s bid quotes. Secondly,
after training visualization of relevant metrics from each simulation is
done.

Shttps://www.pygame.org


https://www.pygame.org
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These visualizations are all done in R reading the training history
or callbacks saved in JSON files, where both dplyr [67] and ggplot2
[66] are used for this purpose.

5.5 Evaluation

A common approach in machine learning to evaluate models is to use
k-fold cross-validation. However, in this thesis all data generated is
from each completed simulation. Therefore, other different metrics are
gathered after each simulation in order to evaluate the agents which
are discussed below.

Price Impact Regression. An estimate of Kyle’s lambda (1), i.e.,
the price impact of the agent’s orders is done via regression. Us-
ing order imbalance (¢,,), inventories (V1,,) and initial inventories
(VInit,), where a larger \ implies that volumes have a larger
price impact on prices.

Visualizing learning & Strategies. Looking at how the agents act
together with the price data stored from each run, to see what
strategies are used by the agents.

Spreads & Inventory. Analyzing how the spreads & inventory are
changing during training. For instance, if the spreads decline
over time, how the correlation between spreads and inventory
changes, and the order imbalance.

Net Profit and Loss (Net PnL). Calculating the Net PnL of the agent
to see if the market maker in fact has learned to make a profit
or not, thus optimizing its inventory levels, which is defined in
Equation 5.8:

PnL, = Cash; — Init_Cash; + Alnv, - Sy (5.8)

Compare agent to zero intelligence or random policy. The random
agent is used as benchmarks to see if the agent on average is
better or not during each simulation.

Stylized facts of simulated data. Looking for some of the stylized
facts mentioned in chapter 2 to see how close or far away from
reality the simulations are.



Chapter 6

Resulis

In this section the results from the different experiments and environ-
ments are presented, where DealerMarket-v1 is not as extensively ana-
lyzed as the other environments because it serves as an initial baseline.
This section starts with some stylized facts about the simulated data,
continuing with a breakdown of different statistic gathered after each
simulation.
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Figure 6.1: Stylized facts for DealerMarket-v2. A signature plot over
the realized variance (A) and plot over periodicity in mid prices (B).
Empirical distribution of returns (C) and an acf over price changes (D).
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6.1 Stylized Facts of Data

In Figure 6.1 one sees that the simulated prices exhibit certain be-
haviour, where plot (A) shows a signature plot over the realized vari-
ance or volatility for DealerMarket-v2. Looking at the plot it is clear
that the simulated stock prices are exhibiting weak mean reversion,
which is in line with what is mentioned in [8]. Looking at plot (B) the
midprice changes are exhibiting activity clustering, as in [8], certain
periods of repeating similar changes are displayed in the midprices.

Finally, looking at plot (D) one can also see an absence of linear cor-
relations clearly with near zero autocorrelations after lag 1. This is
also in line with what is stated in previous literature. In Figure 6.2 one
can see similar patterns for LOBMarket-v1 as in Figure 6.1. However,
note that both the signature plot (A) and midprice changes plot (B) are
different. The signature plot is still mean reverting with a small trend,
whilst the changes in mid prices are more frequent.
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Figure 6.2: Some stylized facts for LOBMarket-v1l. A signature plot
(A), periodicity in mid prices (B), empirical distribution of returns (C)
and an acf over price changes (D).
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6.2 Agent’s Rewards

Summary of rewards

Table 6.1: Table over rewards for DealerMarket-v1l, DealerMarket-v2
and LOBMarket-v1l with mean, max, std and 95% confidence interval
(CI) after training for 2 - 10° steps.

Model Mean Std Max Min CI
DealerMarket-vl 391.88 150.47 478.04 -943 16.18
DealerMarket-v2 2247 78.46 347.40 —-816.11 2.85

LOBMarket-vl —5.02 23.88 145.46 —526.77 0.88

Regarding Table 6.1 above one can see that the accumulated reward is
fairly consistent for DealerMarket-vl compared to the other environ-
ments presented later. Also note that the reward schemes are some-
what different between the different environments as discussed previ-
ously, which will obviously affect the distribution of the accumulated
rewards. This environment is easier to navigate in for the agent with
less volatility and less arrivals of orders, compared to the other envi-
ronments.

As can be seen from Table 6.1 the standard deviation of the reward
is quite large, mainly due to the randomness associated with train-
ing reinforcement learning agents. Nevertheless, calculating confi-
dence intervals for the reward results in an average reward close to
400 (391.81 £ 16.18). In Table 6.1 for DealerMarket-v2 the agent makes
on average a reward close to 22 (22.47 + 2.85).

Note also that the reward is much smaller for this environment com-
pared to the DealerMarket-v1 environment, most likely due to higher
complexity in the DealerMarket-v2 environment with higher volatil-
ity in the underlying prices of the asset and changed reward function,
explaining the quite wide fluctuation between min and max values of
the reward. Finally, looking at the reward for the LOBMarket-v1 in
Table 6.1, the mean reward is the smallest -5 (—5.02 4 0.88). As, this is
the hardest environment for the agent, it is also making it harder for
the agent to find optimal behavior.
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Q-value function, episode reward & loss

Mean Q-Value for agent
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Figure 6.3: Plots from training the DealerMarket-v1 agent. With best
weights after training for 2 - 10° time-steps. Plotted with 95 % confi-
dence interval

In Figure 6.3 the complete history from training the DealerMarket-v1
agent is shown, which was the only environment using the DQN. No-
tice that the optimal Q-value (action-value function) stagnates quite
quickly at a value of five, which seems to be the optimal Q-value.
Nevertheless, the reward seems to be quite high, and is still fluctu-
ating quite heavily. At, the same time the mean loss for the agent is
decreasing.
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Episode reward vs. random policy

Mean Reward for agent
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Figure 6.4: Plot showing the average reward after training
DealerMarket-v2 for 2 - 10° time steps. Average is taken after 10 000
time steps, compared to a random agent on the same environment.

In Figure 6.4 the mean reward for both the DealerMarket-v2 agent
and a random policy on the environment is shown, both this and the
LOBMarket-v1 agent used the PPO algorithm. The mean is taken after
each episode, i.e., after some 10 000 time steps, which clearly shows
that the agents is worse than a random policy in the beginning of the
training. The agent is slowly learning a more optimal behaviour after
some 75 000 time steps when it starts to outperform the random policy
quite consistently. Compared to DealerMarket-v1, the mean reward
seems to converge more smoothly using the PPO algorithm, as the
same type of fluctuations previously seen are not present here. This
is expected as policy gradient methods tends to converge more easily
than the DQN.
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Mean Reward for agent
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Figure 6.5: Plot showing the average reward after training
LOBMarket-v1 for 2 - 10° time-steps. Average is taken after 10 000 time
steps, compared to a random agent on the same environment.

The mean reward for LOBMarket-v1 environment is shown in Fig-
ure 6.5. Clearly the agent is better than a random policy, which has a
negative reward throughout the full simulation. Note that a random
approach seems to work better in the limit order book environment
compared to the dealer market environment. As can be seen from the
DealerMarket-v2 the agent is performing worse than the random pol-
icy in the beginning of training. However, after roughly 25 000 time
steps the agent outperforms the random policy. The reward is drop-
ping a bit at the end of training (as for DealerMarket-v2), which can
be due to a too high learning rate because the author did not use any
annealing of the learning rate during training.
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6.3 Price Impact Regressions

Table 6.2: Results from running price impact regression on the change
in mid prices during the simulations. ** indicates significant estimates.

DealerMarket-v1
Estimate Std. Error tvalue Pr(>|t|)

Bo 1.0648 0.5943 1.79  0.1711
B4 0.0112 0.0084 1.32 0.2771
5B —0.0757** 0.0237 —3.19  0.0497
03 —0.0058 0.0116 —0.50  0.6542
DealerMarket-v2
5o —56.8926** 25.199 —2.26  0.0242
51 3.4324** 1.1661 2.94  0.0033
o —0.2601** 0.0149 17.44  0.0000
03 0.0817** 0.0242 3.38  0.0008
LOBMarket-v1
5o 37.6559  187.0559 0.20  0.8408
51 43.9947** 11.6959 3.76  0.0003
Ba —12.8060 12.3870 —1.03  0.3034
B3 —32.0142 18.0639 —1.77  0.0791

Looking at Table 6.2, DealerMarket-v1 has a Kyle’s A ~ 0.011 with R? =
0.741, DealerMarket-v2 has a Kyle’s A ~ 3.4324, with R? = 0.3723, and
LOBMarket-v1 has a Kyle’s A = 43.9948, with R? = 0.1457. The form of
the equation for all the regressions is shown in Equation 6.1:

ASn = 50 + /81\/q_n + 52\/ AIn + 53\/ Afmtn + €n (61)

DealerMarket-v1 is where the agent has the smallest price impact, which
is expected due to lower volatility and less frequency of orders. How-
ever, with higher volatility in the DealerMarket-v2 environment the
price impact seems to increase. Similar this can be seen for LOBMarket-
v1, with the largest price impact. Furthermore, other reasons can be
that the agent is posting more orders, thus effecting prices more often
compared to the other environments. Finally, transforming the regres-
sors with a square root yielded higher R?, and lower AIC values when
performing the regressions indicating a better model.
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6.4 Bid-Ask Spread & Inventory

Table 6.3: Table over inventories and spreads for DealerMarket-v1,
DealerMarket-v2 and LOBMarket-vl. With mean, std, max, min and
95 % confidence interval for the rewards, after training for 2 - 10° steps

Inventories
Model Mean Std Max  Min CI
DealerMarket-v1 939.41 629.04 3024.19 2.67 120.17
DealerMarket-v2 1206.18 831.95 5994.08 0.00  30.26
LOBMarket-v1 214.96 133.56 1430.24 —1.00 491
Spreads
DealerMarket-v1 10.28 2.20 22.73 2.38 0.42
DealerMarket-v2 39.49 6.81 47.45 6.50 0.25
LOBMarket-v1 22.95 4.36 32.00 4.40 0.16

Table 6.3 shows a summary over the different agents inventories and
spreads. In Figure 6.6 for DealerMarket-v1, looking at plot (A), the
gap between the bid, ask and mid prices is quite big. One would ex-
pect that the price difference would be narrower, this might be due
to the simplistic nature of the environment. However, in plot (C) one
sees that the spread is decreasing and looking at the inventory in plot
(B) and the volumes in plot (D), the inventory seems to be increasing.
While the bid and ask volumes are similar and close to 5, which in-
terestingly is similar to what the Q-value stagnates at. Maybe, due to
the fact that the agent learns that 5 in this environment seems to be the
optimal volume to post.

For DealerMarket-v2 in Figure 6.7 in figure (A) the prices have tight-
ened likely as it gets harder for the agent to make a profit, hence need-
ing to post more bid and ask quotes. Also, the inventory seems to be
increasing (B), whilst the spread is decreasing (C), however the posted
bid, and ask volumes seems to be decreasing. In LOBMarket-v1, Fig-
ure 6.8 the difference between the prices are also very tight, likely due
to that agent post much more bid and ask quotes. The inventory in fig-
ure (B) seems to be increasing at the end of training, and at the same
time the spread in figure (C) is also decreasing. Note that the prices,
posted volumes and inventory have all decreased.
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Figure 6.7: Plots for DealerMarket-v2, showing the change in bid-ask spread(A), inventory (B), percentage change
in spread (c) as well as bid-ask volumes (D).
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Correlation between inventory and prices

A. Correlation between prices and inventory
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Figure 6.9: Plot for DealerMarket-v2, over correlation between mid,
bid and ask price (A) and spread (B) against the inventory, which is
the average over each each time step.

In graphs (A) and (B) in Figure 6.9 some correlation between prices
and inventory is visible. In fact all prices are negatively correlated to
the inventory with p ~ —0.41. The spreads are also negatively corre-
lated to the inventory with p ~ —0.16. However, to establish whether
spreads are independent of inventory as stated by Ho and Stoll [33], a
Chi-squared Test of Independence is needed. This test is performed on the
full dataset with significance level a = 0.05, resulting in a p-value of
0.2403, thus failing to reject the null hypothesis (H,) of independence.
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A. Correlation between prices and inventory
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Figure 6.10: Plot for LOBMarket-v1, over correlation between mid, bid
and ask price (A) and spread (B) against the inventory. Average over
each each time-step.

In graphs (A) and (B) in Figure 6.10 it seems to be some correlation
between prices and inventory, in fact all prices are negatively corre-
lated to the inventory p ~ —0.25. The spreads are positively correlated
with the inventory with p ~ 0.13, this explains the different shapes
of the graphs compared to DealerMarket-v2 . However, to establish
whether spreads are independent of inventory one can perform a Chi-
squared Test of Independence. This test is performed on the full dataset
with significance level o = 0.05, resulting in a p-value of 0.2510, thus
failing to reject the null hypothesis (H,) of independence.

!Notice the more narrow interval of preferred inventory levels.
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Order Imbalance

Mean Order Imbalance over all episodes
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Figure 6.11: Plot for DealerMarket-v2, over order imbalance between
bid an ask volumes (A) and plot over the probability of the ask queue
depleting before the bid queue. (B).

In Figure 6.11 the queue dynamics for DealerMarket-v2 between the
bid and ask volumes are presented, and in plot (A) one can see the
order imbalance, i.e., the difference between the bid and ask volumes
to the total volumes. As can be seen from the plot the imbalance is
either on the bid side (positive) or the ask side (negative), turning our
attention to plot (B) one can instead see the probability that the ask
queue depletes before the bid queue. Finally, the shape of this graph
is similar to what is shown in Bouchaud et al. [8].
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Mean Order Imbalance over all episodes
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Figure 6.12: Plot for LOBMarket-v1, over order imbalance between
bid an ask volumes (A) and plot over the probability of the ask queue
depleting before the bid queue (B).

In Figure 6.12 the queue dynamics for LOBMarket-v2 between the
bid and ask volumes are presented, as can be seen from the plot the
imbalance is either on the bid side (positive) or the ask side (negative).
The shape of this graph is similar to what is shown in [8]. Note that
the order imbalance is on average closer to 0.5 compared to plot Fig-
ure 6.11 meaning that both the ask and bid queues are fairly balanced
in the LOB, maybe due to the matching engine used in the environ-
ment, compared to the DealerMarket-v2 environment.
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6.5 Profit & Loss

Table 6.4: Table over P&L for DealerMarket-v2 and LOBMarket-v1.
With mean, max, std and 95% confidence interval (CI), after training
for 2 - 10 steps

Model Mean Std Max Min CI

DealerMarket-v2 —18861.06 540266.01 2220487.97 —1436406.28 19650.46
LOBMarket-vl  —3366.20 60769.67 313634.96  —334806.89  2236.15

A. Change in P&L during training
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Figure 6.13: Net Profit & Loss for DealerMarket-v2 (A) accumulated
P&L (B) and (C) percentage P& for the agent during training, with
average after 1000 time steps.
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A. Change in P&L during training
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Figure 6.14: Net Profit & Loss for LOBMarket-v1 (A) and accumulated
P&L (B) for agent during training, with average after 1000 time steps.

In Table 6.4 a summary of the P&L for the DealerMarket-v2 & the
LOBMarket-v1 environments is presented. In Figure 6.13 one can see
the DealerMarket-v2 agent’s average profit and loss (P&L) per episode,
whilst in Figure 6.14 the P&L for the LOBMarket-v1 is shown. No-
tice that it takes some time until the agents actually learns not to go
bankrupt, around some 1 million time steps seems to be needed. With,
the chance of making between 100% — 200% of its initial investment for
each agent. However, as the difficulty of the environment increases
(LOBMarket-v1), the agent has a harder time of reaching higher re-
wards. Nonetheless, this is still above zero and better than the random
strategies tested on the same environments.
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6.6 Visualization of agents states & actions

(a) Agents actions after after 84 episodes,(b) Agents actions after after 462 episodes,
where agent losses quite frequently. the agent is slowly starting to learn not to
go bust.

(c) Agents actions after after 1169 episodes,(d) Agents actions after after 2006 episodes,
the agent has learned to not go bust andthe agent is balancing quotes and makes
makes a small profit. profits frequently.

Figure 6.15: Change in agents behaviour during training for
DealerMarket-v2.
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(a) Agents actions after after 1 episodes,(b) Agents actions after after 363 episodes,
where agent losses quite frequently. agent is slowly starting to learn not to go
bust.

(c) Agents actions after after 1069 episodes,(d) Agents actions after after 1896 episodes,
the agent has learned not to go bust andthe agent is balancing quotes and make
makes a small profit. profits frequently.

Figure 6.16: Change in agents behaviour during training for
LOBMarket-v1.

In Figure 6.15 the DealerMarket-vl and Figure 6.16 and LOBMarket-
v1 agents states are visualized, during different parts of the training.
After some 10° time steps the agents are learning not to go bankrupt,
and starts to exhibit wanted behaviour.



Chapter 7

Discussion & Conclusions

7.1 Discussions

Stylized Facts

In general, when analyzing agent based markets, one usually analyses
the statistical properties of simulated data to validate the experimental
setup. Firstly, looking at the signature plots for DealerMarket-v2 and
LOBMarket-v1 one clearly sees mean-reverting behaviour of the sam-
pled volatility from the changes in the midprices. These graphs do
exhibit some flatness, indicating weak mean reversion as mentioned
in [8]. Secondly, looking at the changes in the midprices during the
simulations, one sees as indicated by Bouchaud et al. [8] some activity
clustering.

This clustering behaviour shows that the midprice is followed by dif-
ferent periods of a lot of changes in the midprice, both positive and
negative as in a real-world market. Finally, as mentioned in [16] look-
ing at the ACF for the prices changes, there seems to be an absence
of autocorrelations. Where, after lag 1 autocorrelations are close to 0
for the remaining lags. However, if the results would have been pre-
sented per time step!, this would of course effect the shape of the ACF.
Nonetheless, according to Cont [16], one would still expect an absence
of linear autocorrelations. In summary the simulated data used in the
different experiments, exhibit real-world stylized facts concluding that
the experimental setup is realistic.

!Would correspond to intraday periods.

68
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The market maker agents’ behaviour

During the simulations for the environments: DealerMarket-v1 (1),
DealerMarket-v2 (2) and LOBMarket-v1 (3) some interesting behaviour
has emerged from the agents interaction with the environments. Firstly,
starting with how the rewards has evolved, the (1) agent had the high-
est average reward (391.88 £ 16.18), followed by the (2) (22.47 & 2.45),
and (3) (—5.02 £ 0.88). A first remark is that the (1) environment had
the lowest o or volatility compared to the other environments, which
had 7.5 to 10 times greater 0. Both the (2) and (3) had different arrival
rates of incoming orders compared to (1), this is obviously affecting
the difficulty of learning in the environment, thus making it more re-
alistic, and effecting the agent’s mean reward. Nevertheless, both (2)
and (3) approach higher rewards occasionally with maximum rewards
of 347.40 and 145.6 respectively. Clearly the initial values of the inven-
tory and cash also have an effect, as well as the arrival rates of the
orders, which is most clearly seen for the (3) environment.

Benchmarking the agent’s performance against a random agent or zero
intelligence agent was only done for the (2) and (3) environments, as
keras-RL did not have this capability. In Figure 6.4 and Figure 6.5
both the (2) and (3) environments outperform the zero intelligence
agents employed indicating that the agent’s behaviours are more op-
timal than random strategies, meaning that the choices the agents are
doing are not by mere chance, instead some strategic behaviour is em-
ployed in order to not go bankrupt. Obviously, this is something that
one wants to see when simulating a participant’s behaviour on the
stock market in order to make it more realistic. Another noteworthy
observation is that the zero- intelligence agent is doing better in the (3)
environment.

A reason for this is that sometimes acting randomly may not be a
dumb choice. However, in a dynamic environment such as the stock
market this is clearly not enough to make profits in the long run. Next,
looking at the price impact, all agents have different impacts, (1) clearly
had the lowest impact with a A ~ 0.011. Followed by a significant?
A = 3.43 for (2), whereas (3) had a significant A ~ 43.99.

20 = 0.05 or with 95% confidence.
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Regardless, of possible estimation errors and the need for more
granular data to increase the R?, what does this really mean? Accord-
ing to the literature [13, 24] the price impact is effected by the level of
competition and volatility. One clearly sees the effect of the underly-
ing assets volatility as this thesis is only looking at single agent inter-
actions. (1) with the lowest o parameter has the lowest price impact,
whilst both using higher ¢ in the (2) and (3) increases the price impact
by several tenfolds or centuples meaning that given volumes from (2)
and (3) have a larger effect on the observed prices. Naturally, this will
effect the market makers profits, as clearly seen in Table 6.1.

Furthermore, looking at the price dynamics for the agent’s inventory
and spreads, in Figure 6.6 to Figure 6.8 the prices behaves a bit dif-
ferently for (1) the gap between the prices are wider. Conversely, for
the other environments, the price differences are narrower. Note that
the absolute differences in the prices are larger for the (2) and (3) envi-
ronments compared to (1), possibly due to more price fluctuations in
those environments due to a higher o. Interestingly the trend for the
spreads in figure (C) is declining, which is in line with what is stated in
the literature [8, 30, 44], that the the spread declines over time. Look-
ing at the agents inventories, recall that there is no intrinsic need to
hold inventory for a market maker [13]. This as the market maker will
buy (sell) in anticipation of a following sale. However, in figure (B) in
Figure 6.6 to Figure 6.8 for the different agents, the inventory seems to
be increasing compared to its initial inventory.

As a larger inventory could yield higher returns when buying and
selling more frequently, the agents might see it fit to balance its future
profits with a higher inventory, when taking optimal actions. Notice-
able, the average inventory (see Table 6.3) is still close to each agents
initial inventory after 65 days of trading. However, an interesting
question to pose is how would a real life market maker act? Looking at
Figure 6.6, at around 100 episodes the agent’s inventory is decreasing
(tigure D), contemporaneously the spread (plot C) and the volumes are
increasing. Comparing this to the tactics in Table C.1, this behaviour
coincides with what a dealer or market maker would do with low in-
ventory or that the dealer wants to encourage his clients to sell. Similar
examples can be found for the other two environments as well.
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Indicating that the different agents are in fact behaving realistically.
Moreover, how profitable are the agents market making strategies?
The general tendency is that it takes some 10° time steps before the
agents make positive P&L consistently, which can be seen for both
the (2) and (3) environments in Figure 6.13 and Figure 6.14. Inter-
estingly a positive P&L is not always equivalent to getting a positive
reward, showcasing the difficulty of shaping rewards for wanted be-
havior in an agent. On average in the (2) environment the agent has a
P& L = —18860, whilst for the (3) environment the agent instead has a
P& L = —3322, which is negative as it takes longer times for the agent
to learn optimal behaviour.

Looking instead on the rolling mean for the last 100 episodes is of
more interest, there (2) has a P&L = 17977 and LOBMarket-v1 has
a P&L = —1010. Not surprisingly as it takes time even for experience
traders to make a profit in the market. Nevertheless, this is far better
than a random strategy. Note that each simulation is ran for approxi-
mately 65 trading days, where the agents starts tabula rasa. Training for
a even longer time or using pre-trained models, would have affected
the P&L positively. However, also increasing the chance of overfitting.
Looking at 3 or the third quantile of the rewards, the agent instead
makes a P& L = 300200 and P& L = 16330 for the same two environ-
ments.

Advancing with how the spreads and inventories are related and look-
ing at Figure 6.9 and Figure 6.10, clearly the prices and inventories
tend to cluster around certain inventory levels, suggesting that some
inventory levels are more favourable than others. Ho and Stoll [33]
states that the spreads are independent of the inventory levels. This
is tested by performing a Chi-squared Test of Independence (H,) on
the full dataset for both environments. The null hypothesis of inde-
pendence cannot be rejected with 95% confidence, focusing on queue
dynamics, and order imbalances for both the (2) and (3) in Figure 6.11
and Figure 6.12. The average order imbalance for (2) is 0.53 and for (3)
0.49, meaning that on average both the ask and bid queues are of equal
length, i.e., a balanced buy and sell pressure in the LOB. From the lit-
erature [8, 13] higher order imbalance means that the agents should
post more buy orders and less sell orders, vice versa holds, when the
imbalance is low, that is also seen from the simulations.
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Also note that the shape of figure B in Figure 6.11 and Figure 6.12
indicates a monotonic correlation as in [8] between the queue imbal-
ance and the direction of the next price movement. Finally, looking
at visualizations of the agents behavior in Figure 6.15 and Figure 6.16,
some similar patterns emerges. The agent goes bankrupt very quickly
early during training, this is also where the agent is displaying weird
behaviour. As posting orders with the same price for a long time, how-
ever after some 350-450 episodes the agent is not going bankrupt as
often. Here the agent also learns that by doing nothing occasionally is
optimal. At around 1000 episodes the agent is rarely going bankrupt,
and at the end of training the agent learns how to make the market
by posting quotes more aggressively in response to changed prices,
lower inventory and higher volatility contemporaneously, making a
profit and balancing the trade-off between its cash and inventory. To
summarize the following have been observed during the different ex-
periments and simulations:

e The simulated environments are realistic as several know styl-
ized facts found in [16] are successfully reproduced.

e Both DQN and PPO agents with adequate reward schemes, i.e.,
employing sparse or shaped rewards outperforms random or
zero intelligence agents.

e A higher price impact from the agents choices is observed when
increasing volatility as stated by the theory.

e The agents spreads are declining at the end of each simulation,
whereas the agent’s inventories are somewhat increasing but close
to their initial inventory levels.

e Some of the agent’s inventory management corresponds to what
a real-world dealer would do as shown in Table C.1.

o It takes at least 1 million time steps before the agent is making a
positive P&L.

e Bid-ask spreads for the agents tend to cluster at certain inventory
levels.

e Bid and ask queue price dynamics to have been replicated as
mentioned in [8].
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7.2 Conclusions

The research question examined in this thesis was the following;:

"Will trading dynamics such as the bid-ask spread clustering,
optimal trade execution and optimal inventory costs, be exhib-
ited and learned by reinforcement learning agents on a simulated
market.”

After completing this work, the author believes that the research ques-
tions has been answered. Where, the main conclusions are: (1) the
simulated environments are realistic and (2) DON & PPO agents can suc-
cessfully replicate trading dynamics as bid-ask spread clustering. The author
concludes that: reinforcement learning is a suitable choice in modelling mar-
ket participants behaviour, such as market makers and HFT traders when
using DON or PPO agents.

Compared to previous research this thesis shows that both DON &
PPO based reinforcement learning agents are realistic choices when
simulating behavior in a dealer market and a limit order book, in or-
der to understand market microstructure. Nonetheless, more research
is needed to further validate this work, on real-world data, and apply-
ing it to other market structures.

7.3 Future work

After conducting this research, the author sees the following areas for
possible future research:

e Extend this works models and environments to a multiagent frame-
work. By doing so one could for instance use competitive self-
play between several agents to get and study more complex in-
teractions.

e Apply reinforcement learning with DQN and PPO to derivatives
market, or another type of market then a stock market as well as
using other algorithms for learning such as actor-critic (AC3).

e Use the limit orderbook provided by Parity together with real
historical stock data and use the same type of single agent frame-
work.
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Appendix A

Correlation between variables

On the next two pages scatter matrices are shown for Figure A.1 and
Figure A.2. The scatter matrices show the correlation between some
of the most important variables. These were used when analyzing the
data. Also, what the abbreviations mean are the following: av - Ask
volume, bv - Bid volume, bp - Bid price, ap - Ask price, mp - Mid price,
ara- Ask arrival rate, arb - Bid arrival rate, d_inv - Change in inventory,
d_cash - Change in funds, val - Underlying asset price, inv - Inventory
cash - Funds.

Looking at the scatter matrix one can see for instance that cash is neg-
atively correlated with both the bid volume and the ask volume. Con-
versely the agents’ cash is positively correlated with both the bid and
ask prices.
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APPENDIX A. CORRELATION BETWEEN VARIABLES
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Relationships between variables
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Appendix B

Policy and Value Iteration

In this chapter algorithms using dynamic programming for finding

optimal value and optimal policy are shown, based on the material in
[61].

B.1 Value lteration

Algorithm 1: Value iteration
1 Initialize V' arbitrarily e.g. V(s) =0;
2 A+ 0;
3 while A < 0 (small positive number) do
4 foreach s € S do
5 v+ V(s);
6 Vi(s) = maxy , p(s',rls,m(s)lr + 7V (s)];
7 A+ max(A, v —V(s)|)
8 end
9 end
Output: deterministic policy , 7 ~ 7, s.t.
7(s) = argmax ZS/,rp(s’, rls,a)[r +~V(s')]
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2 Policy lteration

Algorithm 2: Policy iteration

1
2
3
4
5
6
7
8

9
10

1. Initialize ;
V(s) e Rand 7(s)Vs € S ;
A+ 0;
2. Policy Evaluation;
while A < 0 (small positive number) do
foreach s € S do
v+ V(s);
Vi(s) = 2g,p 08 rls,m(s))[r + V()]
A + max(A, |[v —V(s)|)
end
end
3. Policy Improvement;
policy_stable < true ;
while not policy_stable) do
foreach s € S do
old_action < 7 (s) ;
m(s) < argmax ), p(s',[s,a)[r + V()] ;

if old_action # 7(s) then policy_stable < false;
end
if policy_stable then stop;
else go to 2;

end
retumV ~v,and 7 ~ 7, ;




Appendix C
Derivation of Ho & Stoll Model

In this chapter, some explanations to the derivation of the Ho & Stoll
model are presented, using dynamic programming, stochastic calculus
and the famous Ito’s lemma.

C.1 Ito’s Lemma

In order to calculate the derivative of a function that depends on time
and a stochastic process, Ito’s Lemma can be used [50]. Suppose that Y’
is a smooth function:

Y = f(x,t) (C.I)

where ¢ is time and z is some well-defined Ito processes [50] in Equa-
tion C.1 given in Equation C.2:

dr = pdt + odz (C.2)

then if one wish to maximize Y choosing z, the partial derivatives of
Y is needed, which is given by:

of , . of  18f

— _ Y —_ 2 ot
dy = T dt + o + 5 902 (dx) (C.3)
_of of 10* ,
rewriting Equation C.4 gives Ito’s Lemma in Equation C.5:
_|of  of 1 9*f of
dy = T + axp—l— 5 2752 dt + ax(fdz (C.5)
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C.2 Optimal inventory for a Market Maker

In Ho and Stoll [33] a model that handles the risk the market maker
faces when providing his service is presented. In the model the fol-
lowing assumptions are made:

e Transactions follow a stationary continuous time stochastic jump
process, i.e., a Poisson process.

e The arrival rate of buy orders ()\,) and sell orders ()\;) will depend
on the dealer’s ask and bid prices.

e The dealer face uncertainty over the future value of his portfolio
X.

In the the absence of any transactions the portfolio growth d.X is given
below:

dX = r, Xdt + XdZ, (C.6)

where 7, is the mean return, dZ, is the Wiener process with mean zero,

variance o%. The dealers wealth is divided into three components:

cash, inventory and base wealth. The value of the cash account (F) is:

dF =rFdt — (p—b)dg, + (p + a)dq, (C.7)

which changes with buys and sells of securities earning the risk-free
rate 7. The dealers” inventory (/) is given by:

dl = T[Idt + pdqb — pdqa + IdZ[ (CS)

The inventory consists of shares in the stock the market maker makes
or provides liquidity to. Finally, base wealth (Y) is given by:

dY = ryYdt + YdZy (C.9)

The objective of the dealer is now to maximize the expected utility of
his total wealth E[U(Wr)] at time horizon 7', where

Wy = Fr+ Iy + Yy (C.10)
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Equation 2.9 is what is termed the dealers pricing problem. This is in fact
an optimization problem with the goal to maximize the value func-
tion J(-) using dynamic programming. Thus, yielding the optimiza-
tion problem below in Equation C.11:

J(t, F, 1Y) = m%X[E[U(WT)Ht, F,1,Y] (C.11)

where U is the utility function, a and b are the ask and bid adjustments
and ¢, F,1,Y are the states variables time, cash, inventory and base
wealth [50]. The function J(-) gives the level of utility given that the
dealer’s decisions are made optimally [50]. As, there are no interme-
diate consumption before time 7" in this model, the recurrence relation
found by using the principle of optimality is:

maxdJ(t, F,1,Y) = 0and J(T, F, 1,Y) = U(Wr) (C.12)

solving Equation C.12 finds a solution to the dealer’s problem, where
one have to find the ask and bid prices for each state. To solve Equa-
tion C.12 one requires to use stochastic calculus, and by writing out the
partial differential equations that Equation C.12 implies and applying
Ito’s Lemma in Equation C.5:

mczx(dJ/dt) =Ji+LJ

+ maz{X[J(F +pQ + aQ, I —pQ,Y) — J(F,1,Y)]

+ N[I(F = pQ +0Q, T+ pQ.Y) — J(F, 1Y)} =0
(C.13)

where J, is the time derivative and L. is the operator defined as

1 1
LJ = JFTF—FJ]T]I—FJYer—{—§J][O'%[2+5Jyy0'}2/Y2+J[yO'[y]Y (C14)

Ji+ LJ is the total time derivative of derived utility when there are no
transactions. Equation C.13 determines the solution, which is hard to
solve explicitly, and Ho and Stoll [33] do not solve the general prob-
lem but introduces some transformations and simplifications in order
to solve it. Firstly, by looking at the problem only at the endpoint (7)
where it is is equal to zero. Secondly, by taken the first-order approx-
imation of the Taylor series expansion of Equation C.11 [50]. Ho and
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Stoll [33] then, also define two new operators the sell (SJ) and buy
(BJ) operators:

ST =S[J(F,I,Y)] = J(F+Q,] —Q,Y) (C.15)
BJ =B[J(F,1,Y)] = J(F-Q,I+Q,Y) (C.16)

By using the new operators the problem in Equation C.13 can be
rewritten as:

Jy=LJ + %%${[A(a)aQSJF — Ma)(J = SJT)]+
ABBOQBIE — A(b)(J — BJ)|} (C.17)

where A(a) = a—f4 and A\(b) = a+ [ are symmetric linear supply and
demand functions to the dealer. There is no closed form solution for
this problem, nonetheless via approximations the bid and ask quotes
can be found below:

b* =a/28 + (J — BJ)/2BJrQ (C.18)
a* =a/2B8 + (J — 5.J)/28TrQ (C.19)

Finally, from Equation 2.12 and Equation 2.13 the the bid-ask spread
is:
s=a/f+(J—=58J)/25]pQ + (J — BJ)/2BJpQ (C.20)

The first term of Equation C.20 is the spread which maximizes the ex-
pected returns from selling and buying stocks. Whilst the rest of the
terms are seen as risk premiums for sale and purchase transactions. This
as the dealer or market maker sets the spread without knowing what
side the transaction will have, i.e., bid or ask [33].

Ho and Stoll [33] demonstrates three important properties of the dealer’s
optimal pricing behavior:

1. The spreads depends on the time horizon of the dealer

2. The spread can be decomposed into a risk neutral spread plus an
adjustment for uncertainty

3. The spread is independent of inventory level.



APPENDIX C. DERIVATION OF HO & STOLL MODEL 89

C.3 What human dealers would do

Dealer or market makers are profit-motivated traders who allow other
traders to trade when they want to trade [29]. As, mentioned before
one way of finding optimal bid-and ask quotes for inventory control
is to use the Ho and Stoll [33] model. However, what would a human
trader do reacting to different conditions on the market? In Harris [29]
this is presented, shown below in Table C.1:

Condition

Tactics

Purpose

Inventories are too low
or clients are net buyers

Inventories are too high
or clients are net sellers

Raise bid price
Increase bid size
Raise ask price

decrease ask size
Lower ask price

Increase ask size
Lower ask price

Increase ask size

Encourage clients to sell
Discourage clients from buying
Encourages clients to buy

Discourage clients from selling

Table C.1: Tactics Dealers or Market Makers Use to Manage Their In-

ventories and Orders Flow. Adopted from [29]
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