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Trade execution

Execute order as agent for institutional client
QB = futures and interest rate markets

Goal: "best" final average execution price
Evaluate relative to benchmark

benchmark defines an "ideal" trade
different benchmarks give different strategies
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Slippage

Difference of final average execution price and benchmark
execution - benchmark for buys
benchmark - execution for sells

Positive slippage is bad, negative is good
For agency execution, minimize this
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Different benchmarks and algorithms

Bolt:       arrival price
Strobe:   average price on interval (TWAP or VWAP)
Closer:   settlement price
Legger:   multi-leg target price
Roll:       multi-day roll benchmark (in progress)
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Bolt:  arrival price
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D
one at 12:16:54

Exec 1282.2
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Strike 1282.05

Sweep 1281.98
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Aggressive fills
Passive fills
Intended passive
Cumulative exec
Market trades
Limit orders
Cumulative VWAP
Microprice
Bid-ask

Exec = 1282.2  Cost to strike = -1.62 tick = -$16.25 per lot
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D
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39 passv 1 aggr
Aggressive fills
Passive fills
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Cumulative Market Volume
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Arrival price  
benchmark 
("strike")

Report execution price  
and slippage 

relative to benchmark

Also report other 
benchmarks for interest 

(but these are not  
targeted by this algo)



Strobe:  average price on interval
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For Strobe, execution  
approximately follows 

volume curve, but  
also opportunistic 
when can improve  

performance



Settlement price algorithm
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Exec = 2802.73  Cost to settle = -1.08 tick = -$13.54 per lot
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Legger:  multi-asset strike price
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Exec = 162.46  Cost to strike = 0.09 tick = €0.89 per lot
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Multi-asset 
strike price



Business drivers

Good average execution price relative to benchmark
Also manage risk relative to benchmark

Reliable systems and broad global coverage
large investments in data and technology, and support

Transparent processes and algorithms
Must be able to explain to clients
Pictures are very helpful
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Correlation and regression
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Nick Patterson 

[30:06] "...I joined a hedge fund, Renaissance Technologies. ... 
our most important statistical tool was simple regression with 
one target and one independent variable.  ... nobody tells you 
what the variables you should be regressing [are]. What's the 
target? Should you do a nonlinear transform before you 
regress? What's the source? Should you clean your data? Do 
you notice when your results are obviously rubbish?"

http://www.thetalkingmachines.com/episodes/ai-safety-and-legacy-bletchley-park



Outline

What is performance? Best execution
How do we achieve performance? Signals and infrastructure
Signal framework and signals
Three particular topics in semi-detail

Smart order router using machine learning
Y-means consensus framework 
Treasury roll forecasting
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What matters for performance

Passive fills
many futures products are large-tick

Short-term price prediction
aggress or pull back based on price forecast

Use simulator to evaluate algorithm improvements
simulator uses real data to capture fills and signals
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Determinants of slippage

Passive fills
buy at bid, sell at ask
be patient, unless price will move away

*** Short term pricing signals
price will go up or down?
pick when to execute
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Exec = 98-12.14  Cost to strike = -0.61 /32 = -$189.73 per lot
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Exec = 97.335  Cost to strike = -0.50 tick = -$6.25 per lot
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wait 32 minutes 
until limit orders fill

$12.50



What is a signal?

• Signal = short-term price forecast
Computed from past market data
Forecast on time horizons seconds to minutes
Use them conditional on market state variables

• Signals are independent of order being executed
objective statement of market properties

• Biggest ingredient in execution performance
Speed up or slow down depending on direction
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Time frames of signals
15

msec sec min hr day

HFT QB  
execution algorithms

Buy-side

Bar is lower for execution signals than for alpha trading
not competing with HF firms
no round-trip trading, so small signals add value 



How do we compute signals?

• Computed in real time from streaming market data
• Latency is important

not to get signals extremely rapidly
but to not fall behind

• May be complex calculations
• Rest on simple ingredients
• Need flexible platform to develop new signals
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Trading architecture 17

Match engine
order book

order bookorder book

order book
order book

order book

Algorithmic  
Execution 

Engine

Signal  
generator

Client

Client

Client

Client

Client

Gateways

Gateways Gateways

Parent
orders and 
fill reports

Child orders and 
acknowledgements 

/fills

Market 
data

Exchange QB External

The signal generator receives market data,  
performs computations to predict prices,  

and feeds the results to 
the algorithmic engine  

to improve trade execution.



What does not work?
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Master Thesis - Luca Rona
S&P500 Short-Term Price Prediction using Machine

Learning

Luca Rona
Master in Finance

Princeton University
lrona@princeton.edu

Abstract

In this paper we investigate whether S&P500 mean reverts after sharp moves over different
time horizons ranging from 10 seconds to 5 minutes. After verifying that statistically sig-
nificant mean-reversion properties which are too small for active trading exist, we find that
that Machine Learning methods obtain increased forecasting power over forward returns
when combined with a rich enough feature set. We notice that including too many vari-
ables results in sub-optimal models and that a forward variable selection method works
better than backward. Linear Methods with Shrinkage provide good baseline, but have
overall lower accuracy than SVR, Random Forest and Gradient Boosting in the testing set.
Ensembling predictions from different models makes the model more stable, but does not
provide substantial accuracy gains. A simple trading strategy based on the predictions is
developed and proves profitable in the testing set. However, we are cautious about these
findings as they are not statistically significant and based on a test-set that is not large
enough to be representative of different trading regimes.

1 Introduction

The goal of this paper is to investigate whether we can forecast short-term price motion using a single price
time-series and few other main variables such as volume and vwap. Predicting short-term movements in
asset prices is usually very hard especially when exogenous variables are not taken into account. As we see
in Section 2 most of the “Market anomalies” are explained by exogenous factors.

However, we have an a-priori belief that a sharp move during the evaluation window, called a “sweep” might
be a good predictor of price movements. Thus, focus on predicting price motion if we observe a sharp move
in the evaluation window. Figure 1 shows an example of a “sweep” followed by a quick reversion.
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Abstract

In this paper we investigate whether S&P500 mean reverts after sharp moves over different
time horizons ranging from 10 seconds to 5 minutes. After verifying that statistically sig-
nificant mean-reversion properties which are too small for active trading exist, we find that
that Machine Learning methods obtain increased forecasting power over forward returns
when combined with a rich enough feature set. We notice that including too many vari-
ables results in sub-optimal models and that a forward variable selection method works
better than backward. Linear Methods with Shrinkage provide good baseline, but have
overall lower accuracy than SVR, Random Forest and Gradient Boosting in the testing set.
Ensembling predictions from different models makes the model more stable, but does not
provide substantial accuracy gains. A simple trading strategy based on the predictions is
developed and proves profitable in the testing set. However, we are cautious about these
findings as they are not statistically significant and based on a test-set that is not large
enough to be representative of different trading regimes.

1 Introduction

The goal of this paper is to investigate whether we can forecast short-term price motion using a single price
time-series and few other main variables such as volume and vwap. Predicting short-term movements in
asset prices is usually very hard especially when exogenous variables are not taken into account. As we see
in Section 2 most of the “Market anomalies” are explained by exogenous factors.

However, we have an a-priori belief that a sharp move during the evaluation window, called a “sweep” might
be a good predictor of price movements. Thus, focus on predicting price motion if we observe a sharp move
in the evaluation window. Figure 1 shows an example of a “sweep” followed by a quick reversion.
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which gets partially corrected in the the following seconds. This is common in financial markets and a
widely documented phenomenon in finance that goes under the term of recency bias and has been shown
to be helpful in explaining stock price volatility by Chan and Karolyi [1991]. An alternative explanation is
that an aggressive buyer(seller) pushes the price away from recent fair value and once the buyer(seller) has
finished executing his order the price tends to revert back to where it was.

3 Dataset

3.1 Original Dataset

The Dataset consists of 45 days of S&P500 (also referred to as SPX) from 18th of September 2017 to the
17th of November 2017. To be precise, we use the CME future on the underlying index S&P500. The ticker
is ESU7, which is the most liquid index on S&P500 in the period examined. By restricting ourselves to
this time window we avoid issues related to which specific contract to choose. Also, since our time window
finishes well before the expiry of the contract, we manage to avoid possible effects of the roll on the behavior
of the future itself. We choose not to use the underlying index as the future is a tradable asset. There is a
basis between the index (also referred as cash) and the future. This basis is not fixed and moves due to a
variety of factors such as time, dividends, interest rates and demand and supply. However, the volatility of
the basis is sufficiently small for us to essentially treat ESU7 and S&P500 as the same asset. There are some
additional advantages in using ES compared to the underlying index. First there is reliable data for both
trades and quotes. For quotes there are bid and ask prices which are actionable. Second, computing P&L
and keeping track of the positions is very easy, as it just involves one linear instrument: the ES future itself.

At the end of each bin we record the following quantities:

• TimeStamp: date and time
• Bid/Ask: bid and ask price
• VWAP: volume weighted average price in the previous bin
• Volume: quantity of asset traded in the previous bin
• Number of trades: number of separate trades in the previous bin
• Volume buy/sell: volume of trades marked as buy and sell respectively by the exchange
• Number of buy/sell: number of separate buy/sell trades in the previous bin

There is a fundamental difference between Bid/Ask prices and the other quantities we record: the first is
recorded as the final value at the end of the bin. The others are computed over each bin, and recorded at the
end. Additionally, not every trade is flagged as buy or sell, so sometimes the volume of buy and sell sum to
less than the volume in the bin. There are no missing values in the dataset.

We sample at 10 seconds intervals (i.e. length of each time bin) for a total of 126,581 observations. We
consider only liquid hours, thus for every day we consider only trades occurring between 8:00 NYT 1 and
16:00 NYT. The choice of the length of the time-bin can be seen as an hyper-parameter as well, but we did
not explore other options. 1-minute bins seemed to long to capture the effect we are interested in, while
1-second too short to average over some of the features we are interested in (such as volumes).

For constructing features we consider the whole dataset. However, when proceeding to forecasting we
exclude three periods:

1New York Time
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6 Results

6.1 Signal Generation

Figure 14: Testing Accuracy by Model

22

Data does not automatically tell you:
need to construct signals 

using reasoning.



Signal architecture
19

Market 
data

"Features"
small, quick and
widely useful

"Signals"
complex 

calculations

"Consensus"
combination

of signals

Algos

Implemented in Kdb+



Features

• Features are simple computations of market data 
that are useful to a variety of signals

• Are computed synchronously--must be fast
• Examples:

Average quote size
Traded volume
Volatility
Average price

20



Signals
Trade-at-Settlement (Kenan Si)

useful for Closer (settlement price)
Cointegration for Treasuries (Reza Gholizadeh)

more complex than for short-term rates
Variance Risk Premium (Shankar Narayanan)

compare VIX with realized volatility
Sweep (whole team)

rapid directional motions will revert
Bubble (Shankar Narayanan)

directional motions will persist
Smart Order Routing (Isaac Carruthers)

21



Trade at Settlement
22

the TAQs of crude oil futures around the settlement window (13:28 CT to 13:30 CT); the
top right panel represents the TAQs of the TAS futures of the whole trading day; while the
bottom right panel zooms into the last five minutes of the trading session of CLTQ8.

The most distinct feature of the TAS orderbook is that the best quote prices are very stable,
staying at the base price level (zero) for most of the day. When it comes closer to the
settlement window, its micro price starts to cross the zero level back and forth. Most of the
TAS trades occur during this period, but very few of them are executed at a non-zero price
level. When it gets into the settlement window, however, the orderbook becomes way more
volatile, the micro price moves along with the price of the underlying futures. There are
still trades happening during this period, though. Most trades executed on a non-zero price
happen during this window, but the total size of these trades is much smaller compared to
the total volume of the whole trading day.
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Figure 1: Trades and Quotes of Crude Oil Futures and Its Associated TAS Futures

2.3 Information Contained in TAS

The pattern shown in Fig. 1 is reasonable. At first, during the first half of the trading day,
traders have little information about the price movement during the settlement window, very
few would like to agree to buy (sell) at a price level higher (lower) than the settlement price.
But, when it gets closer to the settlement window, traders gain more information about the
future price movement of the underlying and become clearer about their willingness to buy or
sell the underlying futures at settlement price. Hence, more and more trades occur and the
inside of the book moves back and forth to account for the aggregate williness of the market

2

the TAQs of crude oil futures around the settlement window (13:28 CT to 13:30 CT); the
top right panel represents the TAQs of the TAS futures of the whole trading day; while the
bottom right panel zooms into the last five minutes of the trading session of CLTQ8.

The most distinct feature of the TAS orderbook is that the best quote prices are very stable,
staying at the base price level (zero) for most of the day. When it comes closer to the
settlement window, its micro price starts to cross the zero level back and forth. Most of the
TAS trades occur during this period, but very few of them are executed at a non-zero price
level. When it gets into the settlement window, however, the orderbook becomes way more
volatile, the micro price moves along with the price of the underlying futures. There are
still trades happening during this period, though. Most trades executed on a non-zero price
happen during this window, but the total size of these trades is much smaller compared to
the total volume of the whole trading day.
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Figure 1: Trades and Quotes of Crude Oil Futures and Its Associated TAS Futures

2.3 Information Contained in TAS

The pattern shown in Fig. 1 is reasonable. At first, during the first half of the trading day,
traders have little information about the price movement during the settlement window, very
few would like to agree to buy (sell) at a price level higher (lower) than the settlement price.
But, when it gets closer to the settlement window, traders gain more information about the
future price movement of the underlying and become clearer about their willingness to buy or
sell the underlying futures at settlement price. Hence, more and more trades occur and the
inside of the book moves back and forth to account for the aggregate williness of the market

2

• TAS contracts have their own order book 

• Trade through whole trading day,  
though more active before settlement 

• Give information about order imbalance,  
and price direction during settlement  
(QB Closer algorithm)

TAS for Crude Oil



Signal validity during settlement window
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Figure 3: Price Path around Settlement Window (CL)

two variables. In addition, the data is still very noisy after controlling the TAS orderbook
imbalance. To ensure the robustness of our prediction model, we decided to employ the linear
regression model to make prediction. Moreover, from a no arbitrage perspective, the price
movement should have zero mean averaging over all the data points. Hence, we chose to use
a linear model without intercept. However, for CL, we found that the predictors were biased
towards negative values, while the price movements were slightly positive on average. Hence,
we chose to demean the predictors for CL to get a better fit.

4.2 Out-of-Sample Test

To test our prediction model, we trained the linear regression model with the data within a
500 trading days rolling window and predicted next trading day’s price movement around
the settlement window. We list the results in the following table.

Objective y2 MSE |y| MAE Correlation

CL �P[s0≠1,s0+1] 139.96 135.15 8.77 8.58 0.20
�P[s0,s1] 95.55 87.61 7.23 6.93 0.29

NG �P[s0≠1,s0+1] 34.06 29.96 4.22 3.97 0.34
�P[s0,s1] 28.17 26.35 4.01 3.93 0.25

RB �P[s0≠1,s0+1] 1277.61 1241.00 27.43 26.84 0.17
�P[s0,s1] 914.28 903.39 23.62 23.41 0.13

HO �P[s0≠1,s0+1] 1082.83 1041.21 25.16 24.76 0.24
�P[s0,s1] 763.96 744.95 21.55 21.27 0.16

7

Signal = difference in microprice at two times before settlement  
Easy to compute based on preimplemented features

Extreme values of signal  
predict price motions 
during settlement window  
(correlation is low)

Mean price 
trajectory



Cointegration for Treasury futures

For STIRS, we use an intraday rolling average
For Treasuries, we need a longer-term calculation
Look at 6 Treasury futures across 20 previous days
Store principal components overnight

24
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Variance Risk Premium

VRP = (Implied vol)2 - (Realized vol)2 
VRP is forecast of price changes

Well-known at daily and slower time scales
Novel at intraday trading

Data sources:
Implied Vol from CBOE  VIX futures (or traded options)
Real-time realized vol from new QB indicator

Use for SP500 futures, and other products

27
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ESH8: Return by buckets of S&P500 variance risk premia (VRP)
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Use average quote size (a feature)  
as conditioning variable

Use average quote size (a feature)  
as conditioning variable

• Cluster (k-means) historical observations 
based on these two variables

• Compute average forward return 
in each cluster

• Substantially increases predictive power.

Strongest signal  
is whsn VRP is high or low  
but quote size is not large

Conditioning: significance of signal  
depends on other market state variables



Sweep (reversion) signal
30
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to specific level  
until specific time

To make this work:  
condition on several  

other variables describing 
market state
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quantitativebrokers.com

 The Detection of Intra-Day Bubbles 

● The prototypical model takes the following form: 

 

                                                  

● When         the price is believed to be in an explosive state. 

 

 

● Test is a generalized version of Augmented-Dickey Fuller test of unit root

Intraday bubbles
31

8

quantitativebrokers.com

Example Buy Signal 

● The market was trending up

● Our model correctly identified this and 

produced a signal about 2 minutes after 

the rally started (around 2:39 am)

● The signal expired after the price flattened 

out (around 2:44 am).  

Shankar Narayanan, 
Quantitative Brokers

Momentum 
signal

To make this work:  
condition on several  

other variables describing 
market state

Condition on 5 different features 
to improve performance
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Return by cluster

Cluster 7 auxiliary features 
(Voronoi cells in 7 dimensions)



Sweep vs bubble

Sweep = reversion
Bubble = momentum

Importance of "consensus" layer, to make 
specific prediction to algorithm.

33
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"Y-means" algorithm:
Like K-means, but cluster  

based on dependent variable 
(supervised learning)



Option implied prices

Options trade in wide range of strikes
Complex combinations also have bid-ask quotes
Arithmetic relationships give indicative prices

35



Option pricing methods have persistent errors
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SABR model

Prices from option models



Implied pricing
38

Familiar in futures contracts 
based on calendar spreads

© 2016 CME Group. All rights reserved.  

(5) 25.0 

Implied functionality combines real orders from multiple outright and spread markets 
to create liquidity that isn’t visible when looking at a single book  
 

1.  Implied IN: Two real outright orders create an implied order in the spread book 

 

 

 

 

 

2.  Implied OUT: Real spread and outright orders create an implied order in an outright book 

 

 

 

 
 

- Note: Implied OUT also works when anchoring from Outright A to create implied orders in Outright B 

 

 

 

 

 

 

 

 

Introduction to Implied Options on Globex 

5 

BID ASK 
Outright A 

BID ASK 
Outright B 

BID ASK 
ST: +A - +B 

BID ASK 
Outright A 

BID ASK 
Outright B 

BID ASK 
VT: +A - -B 

(7) 23.0 i (5) 48.0 

5.0 (10) 23.0 (7) 

26.0 (4) 25.0 (4) 51.0 (4) i 

28.0 (7) i i (2) 26.0 (5) 22.0 (2) 4.0 

[A] = [B] + [A-B] CME displays some implied quotes but not all.
Important to compute independently 

for best prices
Calendar spreads are 1:1, so 
prices just add and subtract:

prices are always on grid.
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User Defined Spreads of OZNX9 Put Options on 2019−10−03
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Implied price compared with direct
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Two examples

Smart Order Routing
Renyuan Xu, Isaac Carruthers

Y-means clustering approximation algorithm
Yiming Peng, Mengya Hu
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Smart Order Routing

Multiple venues to trade same security
Equities: dozens
US Treasuries: BrokerTec, eSpeed, FENICS, + a few

All have same bid-ask quotes -- where to send limit order
Maximise probability of fill in short time.

43



44

Quantitative Finance, 2016
http://dx.doi.org/10.1080/14697688.2016.1190030

Optimal order placement in limit order markets
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To execute a trade, participants in electronic equity markets may choose to submit limit orders or
market orders across various exchanges where a stock is traded. This decision is influenced by
characteristics of the order flows and queue sizes in each limit order book, as well as the structure
of transaction fees and rebates across exchanges. We propose a quantitative framework for studying
this order placement problem by formulating it as a convex optimization problem. This formulation
allows the study of how the optimal order placement decision depends on the interplay between the
state of order books, the fee structure, order flow properties and the aversion to execution risk. In the
case of a single exchange, we derive an explicit solution for the optimal split between limit and market
orders. For the general case of order placement across multiple exchanges, we propose a stochastic
algorithm that computes the optimal routing policy and study the sensitivity of the solution to various
parameters. Our algorithm does not require an explicit statistical model of order flow but exploits data
on recent order fills across exchanges in the numerical implementation of the algorithm to acquire
this information through a supervised learning procedure.

Keywords: Limit order markets; Optimal order execution; Execution risk; Order routing; Algorithmic
trading; Supervised learning; Machine learning; Transaction costs; Stochastic approximation;
Robbins–Monro algorithm

JEL Classification: C61, G31

1. Introduction

The trading process in today’s automated financial markets can
be divided into several stages, each taking place on a different
time horizon: portfolio allocation decisions are made over a
time scales of weeks or days and translate into trades that are
executed over time intervals of several minutes to several days
through streams of orders placed at high frequency, sometimes
thousands in a single minute (Cont 2011). Existing studies on
optimal trade execution have investigated how the execution
cost of a large trade may be reduced by splitting it into multiple
orders spread in time. Once this order scheduling decision is
made, one still needs to specify how each individual order
should be placed: this order placement decision involves the
choice of an order type (limit order or market order), order size
and destination, when multiple trading venues are available.
For example, in the US equity market there are more than
10 active exchanges where a trader can buy or sell the same
securities. Order placement in a fragmented market is a non-
trivial task and brokers offer their clients smart order routing
systems in addition to (and often separately from) their suite
of trade execution algorithms. We focus here on this order
∗Corresponding author. Email: Rama.Cont@imperial.ac.uk

placement problem: given an order which has been scheduled,
choosing an order type—market or limit order—and which
trading venue(s) to submit it to.

Brokers and other active market participants need to make
order placement and order routing decisions repeatedly, thou-
sands of times a day, and their outcomes have a significant
impact on each participant’s transaction cost. An empirical
study of proprietary order data from a large execution broker by
Battalio et al. (2013) demonstrates that brokers use both limit
and marketable orders to execute trades, and the distribution
of their orders across trading venues points to strategic routing
behaviour. Order execution quality is materially affected by
order routing choices which recently motivated a number of
inquiries by regulators into brokers’ ability to optimally place
orders on behalf of their clients (US Senate 2014, Lynch and
Flitter 2014, Phillips 2014). The choice between limit and mar-
ket orders and their routing is important for most market par-
ticipants, not just brokers. For instance, high-frequency traders
can opportunistically provide liquidity with limit orders or
demand it with marketable orders and a large group of ‘mixed’
high-frequency strategies indeed relies on both order types in
various proportions (see Baron et al. 2014, Brogaard et al.
2014). At the same time market-makers who provide liquidity

© 2016 Informa UK Limited, trading as Taylor & Francis Group
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state of order books, the fee structure, order flow properties and the aversion to execution risk. In the
case of a single exchange, we derive an explicit solution for the optimal split between limit and market
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The trading process in today’s automated financial markets can
be divided into several stages, each taking place on a different
time horizon: portfolio allocation decisions are made over a
time scales of weeks or days and translate into trades that are
executed over time intervals of several minutes to several days
through streams of orders placed at high frequency, sometimes
thousands in a single minute (Cont 2011). Existing studies on
optimal trade execution have investigated how the execution
cost of a large trade may be reduced by splitting it into multiple
orders spread in time. Once this order scheduling decision is
made, one still needs to specify how each individual order
should be placed: this order placement decision involves the
choice of an order type (limit order or market order), order size
and destination, when multiple trading venues are available.
For example, in the US equity market there are more than
10 active exchanges where a trader can buy or sell the same
securities. Order placement in a fragmented market is a non-
trivial task and brokers offer their clients smart order routing
systems in addition to (and often separately from) their suite
of trade execution algorithms. We focus here on this order
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placement problem: given an order which has been scheduled,
choosing an order type—market or limit order—and which
trading venue(s) to submit it to.

Brokers and other active market participants need to make
order placement and order routing decisions repeatedly, thou-
sands of times a day, and their outcomes have a significant
impact on each participant’s transaction cost. An empirical
study of proprietary order data from a large execution broker by
Battalio et al. (2013) demonstrates that brokers use both limit
and marketable orders to execute trades, and the distribution
of their orders across trading venues points to strategic routing
behaviour. Order execution quality is materially affected by
order routing choices which recently motivated a number of
inquiries by regulators into brokers’ ability to optimally place
orders on behalf of their clients (US Senate 2014, Lynch and
Flitter 2014, Phillips 2014). The choice between limit and mar-
ket orders and their routing is important for most market par-
ticipants, not just brokers. For instance, high-frequency traders
can opportunistically provide liquidity with limit orders or
demand it with marketable orders and a large group of ‘mixed’
high-frequency strategies indeed relies on both order types in
various proportions (see Baron et al. 2014, Brogaard et al.
2014). At the same time market-makers who provide liquidity
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4 R. Cont and A. Kukanov

triggered by price changes or cumulative trading volume. The
execution target S is assumed to be relatively small—it is a
slice of the daily trade that the trader expects to fill during
[0, T ]. Nevertheless, this slice S is usually larger than a sin-
gle trading lot because limit orders may have to queue for
execution for several seconds or even minutes. Our objective
is to define a meaningful framework in which the trader can
compare alternative approaches to executing this trade slice S,
for example, choose between sending a limit order to a single
exchange, splitting it in some proportion across K exchanges
or using a combination of market and limit orders. We assume
the following two-step execution strategy—at time 0 the trader
may submit K limit orders for Lk ≥ 0 shares to exchanges
k = 1, . . . , K and also market orders for M ≥ 0 shares.

At time T if the total executed quantity is less than S the
trader also submits a market order to execute the remaining
amount. The trader’s order placement decision is thus summa-
rized by a vector X = (M, L1, . . . , L K ) ∈ RK+1

+ of order
sizes. The components of X are non-negative (only buy orders
are allowed) and we assume that the trader has no other (e.g.
pre-existing) orders in the market.

2.2. Order execution
We will assume for simplicity that a market order of any size
up to Scan be filled immediately at any single exchange. Thus
a trader chooses the cheapest venue for his market orders.

Limit orders with quantities (L1, . . . , L K ) join queues of
(Q1, . . . , QK ) orders in K limit order books, where Qk ≥ 0.
As a simplification we assume that all of these limit orders
have the same price—the highest bid price across venues, i.e.
the consolidated best bid. The case Qk = 0 is allowed in our
model and corresponds to placing limit orders inside the bid-
ask spread at one of the venues.

Denote by (x)+ = max(x, 0). Using the assumption that
limit orders are not modified before time T , we can explicitly
calculate their filled quantities (full or partial) as a function of
their initial queue position and future order flow:

min(max(ξk − Qk, 0), Lk)
= (ξk − Qk)+ − (ξk − Qk − Lk)+, k = 1, . . . , K

where ξk is a total outflow from the front of the kth queue. The
order outflow ξk consists of order cancellations that occurred
before time T from queue positions in front of an order Lk , and
marketable orders that reach the kth exchange before T . The
mechanics of limit order fills in a FIFO queue are illustrated in
figure 1.

We note that limit order fill amounts are random because
they depend on queue outflows ξ = (ξ1, . . . , ξK )during[0, T ],
modelled as a random variable with a distribution F . The total
amount of shares A(X, ξ) bought by the trader during [0, T )

can be written as a function of the initial order allocation X
and intermediate queue outflows ξ :

A(X, ξ) = M +
K∑

k=1

((ξk − Qk)+ − (ξk − Qk − Lk)+) (1)

If the executed quantity A(X, ξ) < Swe assume that the trader
submits a market order at time T ensuring the execution of this
trade slice S.

Figure 1. Limit order execution on exchange k depends on the order
size Lk , the queue Qk in front of it, total sizes of order cancellations
Ck and marketable orders Dk , specifically on ξk = Ck + Dk .

2.3. Cost function
The trader’s objective is to minimize the sum of explicit and
implicit costs associated with order execution. There is a var-
iety of explicit costs that vary by exchange. Most US equity
exchanges charge fees to market order traders for consuming
liquidity and pay rebates to limit order traders for providing it.
In contrast, some inverse exchanges pay traders for marketable
orders and charge for providing liquidity. For example, at the
time of writing the US equity exchange Direct Edge EDGAhad
a negative rebate −$0.0006 per share for passive orders and a
negative fee −$0.0004 per share for marketable orders.† These
fees and rebates are economically significant and similar in
magnitude to bid-ask spread costs ($0.0050 per share for liquid
US stocks). Exchanges outside of US have adopted similar
fee/rebate pricing structures (e.g. BATS Chi-X Europe), or
special rebate programs for liquidity providers (e.g. Singapore
Stock Exchange, BMF-BOVESPA).

Implicit execution costs include adverse selection and mar-
ket impact. Adverse selection is reflected in the correlation
between limit order executions and price changes (Glosten
and Milgrom 1985). For example, after a buy limit order is
filled prices tend to go down below its limit price creating
an immediate loss for a limit order trader. The magnitude of
adverse selection losses varies by exchange, and venues with
high rebates are typically exposed to more adverse selection
(see Battalio et al. (2013)) which can be explained in a rat-
ional equilibrium model of Moallemi et al. (2012). Small but
consistent losses on limit order fills can accumulate to a sig-
nificant adverse selection cost over time, which motivates us
to use effective rebates rk = re

k + ASk , where re
k are rebates

set by exchanges and ASk are exchange-specific penalties for
adverse selection. In practice, these penalties are often chosen
empirically as average returns measured over a short interval
following a limit order execution.

Using the mid-quote price as a benchmark, we calculate
execution costs relative to mid-quote for an order allocation
X = (M, L1, . . . , L K ) as:

(h + f )M −
K∑

k=1

(h +rk)((ξk − Qk)+−(ξk − Qk −Lk)+), (2)

†See Battalio et al. (2013) for a comprehensive summary of fees
charged by US equity exchanges.
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Order is filled when queue depletesOptimal order placement 5

where h is one-half of the bid-ask spread at time 0, f is a fee
for market orders and rk are effective rebates for limit orders
on exchanges k = 1, . . . , K.

In addition to average adverse selection losses ASk incurred
on filled limit orders, a trader may experience a shortfall due to
unfilled limit orders. In the event A(X, ξ) < S the trader has
to purchase the remaining S− A(X, ξ) shares at time T with a
costly market order. Adverse selection implies that condition-
ally on this event prices have likely increased and the cost of
market orders at time T is higher than their cost at time 0, i.e.
larger than h + f . Alternatively, in the event A(X, ξ) > Sthe
prices likely decreased even more than after an average limit
order fill, and λo measures this additional adverse selection
cost. To capture this execution risk we include, in the objective
function, a penalty for violations of target quantity in both
directions:

λu (S− A(X, ξ))+ + λo (A(X, ξ) − S)+ , (3)

where λu ≥ 0, λo ≥ 0 are marginal penalties in dollars per
share for, respectively, falling behind or exceeding the exe-
cution target S. In addition to adverse selection, the penalties
λu, λo may reflect trader’s private execution preferences. Gen-
erally, a trader can tolerate some differences between A(X, ξ)

and Sbecause S, T are fractions of the overall trade quantity
and time horizon. The penalties need not be symmetric—a
trader with a positive forecast of short-term returns within
the period T has a larger opportunity cost and may set
λu > λo.

We also include market impact as a function of the volume
of submitted orders. The target quantity S is assumed to be
small so orders (M, L1, . . . , L K ) may have little immediate
impact on prices in the interval [0, T ]. However, this impact
may accumulate over the course of trading. Accounting for
average impact costs is important: it penalizes order placement
strategies that submit too many orders or orders that are too
large. Empirical studies show that both market and limit orders
affect prices, and the average impact of small orders can be well
approximated by a linear function (Cont et al. 2014), as in Kyle
(1985). We assume that the impact cost is paid on all orders
placed at times 0 and T , irrespective of whether they are filled,
leading to the following total impact:

θ

(

M +
K∑

k=1

Lk + (S− A(X, ξ))+

)

, (4)

where θ > 0 is the impact coefficient.
Adding these different terms we obtain:

Definition 1 (Cost function). The cost function is defined as
the sum of explicit and implicit execution costs:

v(X, ξ) : = (h + f )M −
K∑

k=1

(h + rk)

× ((ξk − Qk)+ − (ξk − Qk − Lk)+)

+ θ

(

M +
K∑

k=1

Lk + (S− A(X, ξ))+

)

+ λu (S− A(X, ξ)))+ + λo (A(X, ξ) − S)+
(5)

It involves the following ingredients:

• Execution objectives: target quantity S, time horizon
T

• Trading costs: half of bid-ask spread h , market order fee
f and effective limit order rebates rk , market impact
coefficient θ , penalties for under- and overfilling the
target λu, λo

• Market configuration: number of exchanges K , limit
order queues Qk .

2.4. Optimal order placement problem
We can now formulate the search for an optimal order place-
ment as a cost minimization problem:

Problem 1 (Optimal order placement problem) An optimal
order placement is a vector X∗ ∈ RK+1

+ solution of

min
X∈RK+1

+
V (X) (6)

where

V (X) = E[v(X, ξ)] =
∫

Rd
F(dy)v(X, y) (7)

is the expected execution cost for the allocation X and the
expectation is taken with respect to the distribution F of order
outflows (ξ1, . . . , ξK ) at horizon T .

The output is an order allocation X⋆ = (M⋆, L⋆
1, . . . , L⋆

K )

consisting of a market order quantity M⋆ and limit order quanti-
ties L⋆

1, . . . , L⋆
K which minimizes the expected execution cost

over [0, T ].
We may also consider an alternative approach to order place-

ment optimization, which turns out to be related to Problem 1
by duality. Consider the following problem:

Problem 2 (Alternative formulation: cost minimization under
execution constraints)

min
X∈RK+1

+
E
[
(h + f )M −

K∑

k=1

(h + rk)((ξk − Qk)+

− (ξk − Qk − Lk)+) +θ

(

M +
K∑

k=1

Lk + (S− A(X, ξ))+

)]

(8)

subject to: E
[
(S− A(X, ξ))+

]
≤ µu (9)

E
[
(A(X, ξ) − S)+

]
≤ µo (10)

In this alternative formulation a trader can specify his tol-
erance to execution risks using constraints on expected order
shortfalls and overflows. The goal is to minimize an expec-
tation of order execution costs under expected shortfall con-
straints. Problem does not appear to be tractable, but it has
a convex objective and convex inequality constraints, and its
(Lagrangian) dual problem is given by

max
λu≥0,λo≥0

{V ⋆(λu, λo) − λuµu − λoµo
}

(11)

where V ⋆(λu, λo) = minX∈RK+1
+

E[v(X, ξ)] is the optimal
objective value from Problem 1 given parameter values λu, λo.

The optimization problem (11) is related to Problem 1: solv-
ing (11) (and therefore, Problem 2) amounts to solving the
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Need explicit model for joint distribution  
of order arrivals on all venues,  
then compute optimal strategy.

Better to do nonparametric construction 
directly for optimal action

Fig. 6. Normalized Histogram of market buy orders of venue 1 in our dataset.
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2 Introduction

Smart order routing (SOR) is an automated process of handling orders, aimed
at taking the best available opportunity throughout a range of di↵erent venues.
It gains more and more popularity recently due to the evolution of electronic
trading and the increasing number of trading venues. Market participants are
interested in tackle the liquidity fragmentation and even want to benefit from it
by doing SOR.

In this paper, we first use di↵erent statistical learning algorithms and an
ensemble model to learn how to smartly allocate one share of limit order to one
of multiple best-quote queues. We then provide the order allocation algorithm
to route with more than one share at a time.

3 Problem Description

A trader wants to buy one share with limit order at starting point, denoted
by 0, and he is willing to wait for time T in the market. He has access to K

di↵erent venues, named venue 1, 2, · · · ,K. Qb
k is the queue length of best quote

on venue k (k = 1, · · · ,K). His order will join the selected queue, k̂, from the
back. Denote O

b
k as the outflow related to limit bid side of venue k which is of

the form

O
b
k = C

b
k +M

b
k , (1)

where C
b
k is the cancellation from the quote queue printed at time 0, and M

b
k is

the volume of marketable sell orders on venue k during horizon (0, T ).

Suppose the trader pick a venue k̂ 2 {1, 2, · · · , N} to allocate his order. At
time T , if the realization

O
b
k̂
� Q

b
k̂
+ 1,
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Features in F1 can be directly observed from level-1 order book on each venue
k (k = 1, 2, · · · ,K), where P

j
k (V

j
k ) denote the price(queue length/volume) on j

(j = bid or ask) side of venue k.

5.2 Time-insensitive set

F2 = {P ask
k � P

bid
k ,

Pask
k +P bid

k
2 ,

Pask
k ⇤Qbid

k +P bid
k ⇤Qask

k

Qbid
k +Qask

k
,
Qbid

k �Qask
k

Qk
bid+Qk

ask
}Kk=1

Features in F2 are bid-ask spread, mid-price, micro-price, queue imbalance,
which can be directly calculated from F1.

5.3 Time-sensitive set

Denote F3 = {f31, f32, f33}, where

– f31 = {dPask
k
dt ,

dP bid
k
dt ,

dV ask
k
dt ,

dV bid
k
dt }Kk=1

– f32 = {�la
k,�t,�
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k,�t,�
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where la (lb) denotes “limit ask” (“limit bid”), ca (cb) denotes “cancellation
on ask” (“cancellation on bid”) and ma (mb) denotes “marketable buy” (“mar-
ketable sell”). Features in f31 denote the price and volume derivatives. f31 rep-
resents the instantaneous changes of basic features. In practice, we pick a small
time interval � = 1s to calculate the derivatives in the most recent �. f32 de-
notes the average intensity of each type in short-time horizon where �t = 30s,
where as f33 denotes the average intensity of each type in long-time horizon
with �T = 300s. f34 denotes the relative intensity indicators indicating whether
current intensity exceeds long-term average intensity.

5.4 Time-dependent set

Denote t = 1, 2, .., s as the number of look-back period with look-back window
�w = 60s, denote F

t
4 = {f t
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t
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Fig. 2. Experiment Protocol.

5 Feature Engineering

The ”feature engineering” module is designed to convert the level-1 order book
dynamic and message book data into suitable inputs to the statistical learning
models. Each data point, which we take to be the data recorded in a single row
of the order book at the closed time greater or equal to the time we sampled
along with the corresponding row in the message book, must be represented as
a ”feature vector” of specific attributes, lying in a Euclidean space RD, where D
is the total number of attributes selected. With well-formatted feature vectors
for data points in space, the module ”feature representation” further randomly
samples some data points to construct the training data set for each metric used
t characterize the dynamics of the limit order book.

Denote T = {x(n)
,y(n)} (n = 1, 2, ..., N1) as the set of training data where

x(n) 2 RD is the feature vector for the nth data point and y(n) := (y(n)1 , · · · , y(n)K ) 2
{0, 1}K is the true label vector identifying the category this data point belongs
to. For example, in the case of predicting fulfillment or not of an limit order, the
label 0 means fail to be filled and 1 denotes successful fulfillment. Also, we have
0 < N1 < N .

We identify a collection of proposed attributes that are divided into four cat-
egories: basic, time-insensitive, time-dependent and time-sensitive, all of which
can be directly computed from the data.

5.1 Basic features
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(j = bid or ask) side of venue k.

5.2 Time-insensitive set

F2 = {P ask
k � P

bid
k ,

Pask
k +P bid

k
2 ,

Pask
k ⇤Qbid

k +P bid
k ⇤Qask

k

Qbid
k +Qask

k
,
Qbid

k �Qask
k

Qk
bid+Qk

ask
}Kk=1

Features in F2 are bid-ask spread, mid-price, micro-price, queue imbalance,
which can be directly calculated from F1.

5.3 Time-sensitive set

Denote F3 = {f31, f32, f33}, where

– f31 = {dPask
k
dt ,

dP bid
k
dt ,

dV ask
k
dt ,

dV bid
k
dt }Kk=1

– f32 = {�la
k,�t,�

lb
k,�t,�

ma
k,�t,�

mb
k,�t,�

ca
k,�t,�

cb
k,�t}Kk=1

– f33 = {�la
k,�T ,�

lb
k,�T ,�

ma
k,�T ,�

mb
k,�T ,�

ca
k,�T ,�

cb
k,�T }Kk=1

– f34 = {1�la
k,�t>�la

k,�T
,1�lb

k,�t>�lb
k,�T

,1�ma
k,�t>�ma

k,�T
,1�mb

k,�t>�mb
k,�T

,1�ca
k,�t>�ca

k,�T
,1�cb

k,�t>�cb
k,�T

}Kk=1

where la (lb) denotes “limit ask” (“limit bid”), ca (cb) denotes “cancellation
on ask” (“cancellation on bid”) and ma (mb) denotes “marketable buy” (“mar-
ketable sell”). Features in f31 denote the price and volume derivatives. f31 rep-
resents the instantaneous changes of basic features. In practice, we pick a small
time interval � = 1s to calculate the derivatives in the most recent �. f32 de-
notes the average intensity of each type in short-time horizon where �t = 30s,
where as f33 denotes the average intensity of each type in long-time horizon
with �T = 300s. f34 denotes the relative intensity indicators indicating whether
current intensity exceeds long-term average intensity.

5.4 Time-dependent set

Denote t = 1, 2, .., s as the number of look-back period with look-back window
�w = 60s, denote F

t
4 = {f t

41, f
t
42, f

t
43, f

t
44}, where

–

f
t
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ma
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ca
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k,t , v
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lb
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k,t, v
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k,t}Kk=1
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t
42 = {P̄ ask
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bid
k ,maxn(P ask

k,n ),maxn(P bid
k,n),maxn(|P ask
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bid
k,n|, V ol

m
k , V ol

bid
k , V ol

ask
k )}Kk=1

– f
t
43 = {Q̄ask

k,t , Q̄
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k,t}

– f
t
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k,t >Qma
k
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k
}
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Fig. 7. Feature importance of Gradient Boosting.
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$BTI 5SFBTVSJFT
 VOMJLF NPTU PG UIF QSPEVDUT USBEFE CZ 2#
 BSF BWBJMBCMF PO NVMUJQMF
FYDIBOHFT� "T B SFTVMU
 USBEFT JO DBTI 5SFBTVSJFT BMMPX VT UP CF PQQPSUVOJTUJD XJUI
SFTQFDU UP XIFSF XF QMBDF PVS PSEFST� *O HFOFSBM
 XF TIPVME QMBDF PVS BHHSFTTJWF PSEFST
	PSEFST JOUFOEFE UP CF ʲMMFE JNNFEJBUFMZ
 TP BT UP HFU UIF CFTU QSJDF
 BOE UP NJOJNJ[F
DMJFOU USBOTBDUJPO GFFT� %FUFSNJOJOH UIF BQQSPQSJBUF FYDIBOHF GPS BO BHHSFTTJWF PSEFS
TIPVME UIVT CF SFMBUJWFMZ TJNQMF� 1BTTJWF PSEFST 	PSEFST JOUFOEFE UP SFTU JO UIF CPPL GPS
TPNF UJNF
 PO UIF PUIFS IBOE TIPVME CF EJWJEFE CFUXFFO FYDIBOHFT JO TVDI B XBZ BT UP
NBYJNJ[F UIF FYQFDUFE QBTTJWF ʲMM RVBOUJUZ
 QSFTFOUJOH B NPSF DIBMMFOHJOH QSPCMFN� 5IJT
SFQPSU EFBMT FYDMVTJWFMZ XJUI UIF MBUUFS QSPCMFN PG QMBDJOH QBTTJWF PSEFST PO NVMUJQMF
FYDIBOHFT�
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� &BDI FYDIBOHF ֛ IBT B DVSSFOU RVFVF MFOHUI ֊֛ BU UIJT QSJDF
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5IF EBUB VTFE IFSF XFSF PSJHJOBMMZ DPMMFDUFE GPS VTF JO PVS PXO USBEJOH TZTUFNT
 BOE
JODMVEF MFWFM ** EBUB GPS BMM PO�UIF�SVO 64 5SFBTVSZ CPOET GSPN NVMUJQMF FYDIBOHFT GPS
UIF ZFBS PG ����� 5IF SBX NBSLFU EBUB JT DPOWFSUFE JOUP USBJOJOH EBUB GPS VTF JO PVS
SFHSFTTJPOT CZ ʲSTU DPNQVUJOH UIF WBMVFT PG PVS NBSLFU�EBUB GFBUVSFT GPS FBDI NBSLFU
VQEBUF
 TBNQMJOH UIF SFTVMUJOH GFBUVSFT BU ���TFDPOE JOUFSWBMT
 BOE UIFO DPNQVUJOH GPS
FBDI TVDI TBNQMF XIFUIFS B MPU QMBDFE BU UIF CBDL PG UIF CJE PS PʱFS RVFVF XPVME IBWF
ʲMMFE XJUIJO UIF TVCTFRVFOU NJOVUF�

5P EFUFSNJOF XIFUIFS B IZQPUIFUJDBM MPU QMBDFE BU UIF CBDL PG UIF CJE 	PʱFS
 RVFVF XPVME
IBWF ʲMMFE XJUIJO B ��NJOVUF QFSJPE
 XF ʲSTU SFDPSE UIF QSJDF MFWFM PG UIF CFTU CJE 	PʱFS

BU UIF TUBSU PG UIF QFSJPE
 BDSPTT BMM WFOVFT� 8F XJMM SFGFS UP UIJT QSJDF BT PVS MJNJU QSJDF�
8F UIFO NFBTVSF UIF TVN PG UIF TJ[F PG BMM TFMM 	CVZ
 PSEFST FYFDVUFE XJUIJO UIF QFSJPE
BOE BU UIF MJNJU QSJDF� *G
 PO B QBSUJDVMBS WFOVF
 UIF UPUBM TFMM 	CVZ
 PSEFS ʳPX BU UIF MJNJU
QSJDF XBT MBSHFS UIBU UIF JOJUJBM RVFVF MFOHUI CZ BU MFBTU POF MPU
 XF BTTVNF UIBU PVS
IZQPUIFUJDBM MPU BU UIF CBDL PG UIBU RVFVF XPVME IBWF CFFO ʲMMFE� 8F XJMM BMTP BTTVNF
UIBU B MPU BU UIF CBDL PG UIF CJE 	PʱFS
 RVFVF JT ʲMMFE JG XF TFF BOZ USBEF PO BOZ FYDIBOHF
FYFDVUF CFMPX 	BCPWF
 PVS MJNJU QSJDF XJUIJO UIF QFSJPE� 'JOBMMZ
 XF BTTVNF UIBU UIF MPU
XPVME IBWF CFFO ʲMMFE JG BU BOZ UJNF XJUIJO UIF QFSJPE UIF PʱFS 	CJE
 QSJDF PO BOZ
FYDIBOHF JT FRVBM UP PS MFTT 	HSFBUFS
 UIBO PVS MJNJU QSJDF� 'PS FBDI TBNQMF ֛
 XIFUIFS PVS
MPU XPVME IBWF CFFO ʲMMFE PS OPU JT SFQSFTFOUFE BT B � PS �
 BOE MBCFMFE ֛֫�
."3,&5�%"5" '&"563&4
5P FTUBCMJTI B TFU PG QSFEJDUJWF NBSLFU�EBUB GFBUVSFT
 XF EFTJHOFE BOE JNQMFNFOUFE B TFU
PG �� EJʱFSFOU GFBUVSFT QFS WFOVF� 5IJT TFU DPOUBJOFE B XJEF WBSJFUZ PG DBMDVMBUJPOT
CBTFE PO UIF SFDFOU IJTUPSZ PG NBSLFU EBUB
 JODMVEJOH SFDFOU QSJDF DIBOHF
 RVFVF TJ[F
DIBOHF
 TJHOFE WPMVNF
 FUD� 'SPN UIJT TFU
 XF UIFO TFMFDUFE B TVCTFU PG � GFBUVSFT QFS
FYDIBOHF
 QMVT B TJOHMF GFBUVSF GPS BHHSFHBUFE RVPUF JNCBMBODF BDSPTT FYDIBOHFT� 8F
ESFX UIJT TVCTFU CZ USBJOJOH BO HSBEJFOU CPPTUJOH USFF SFHSFTTPS PO UIF EBUB
 BOE UIFO
TFMFDUJOH UIF GFBUVSFT XIJDI QSPWJEFE UIF HSFBUFTU JNQSPWFNFOU JO BDDVSBDZ PO BWFSBHF�

"MM GFBUVSFT JOWPMWJOH UIF SFDFOU IJTUPSZ PG UIF NBSLFU 	BT PQQPTFE UP KVTU UIF
JOTUBOUBOFPVT TUBUF PG UIF NBSLFU
 XFSF JNQMFNFOUFE VTJOH FYQPOFOUJBM UJNF�XFJHIUFE
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NPWJOH BWFSBHFT� &YQPOFOUJBM NPWJOH BWFSBHFT BSF TJNQMF UP DPNQVUF BOE SFRVJSF
NJOJNBM NFNPSZ
 NBLJOH UIFN JEFBM GPS SFBM�UJNF
 FʴDJFOU DPNQVUBUJPO� 'PS JOTUBODF

POF GFBUVSF XF FNQMPZ JT UIF SFDFOU TFMM WPMVNF PO FBDI WFOVF
 DBMDVMBUFE BT

֏֌ߔ ɖ এ	 ֛֦
 ֛֨
ǽTFMMT
֛֨֘ ֦ȇ֦֛ߔ

XIFSF ֛֦ BOE ֛֨ BSF UIF UJNFTUBNQ BOE WPMVNF PG FBDI BHHSFTTJWF�TFMM USBEF
 ֦ JT UIF
DVSSFOU UJNF
 BOE ߔ JT UIF UJNFTDBMF PG UIF GFBUVSF� 'PS FBDI TBNQMF ֛
 PVS NBSLFU EBUB
GFBUVSFT GPSN B WFDUPS Ŗ֪֛�
.0%&-4 "/% 40'58"3&
5IF OBUVSBM XBZ UP BQQSPBDI QSPCMFN 	�
 JT UP DPOTUSVDU B SFHSFTTJPO ֙ TVDI UIBU

։ऐ֜ߎ � ֊֜]ֆऑ Ƚ ֙	֊֜
ֆ
�
5IFSF BSF NBOZ QPTTJCMF GPSNT PG ֙ UIBU BSF TVJUBCMF GPS PVS QVSQPTFT
 BOE XF UFTUFE
GPVS PG UIF NPTU DPNNPOMZ VTFE� MPHJTUJD SFHSFTTJPO
 SBOEPN GPSFTU SFHSFTTJPO
 HSBEJFOU
CPPTUJOH SFHSFTTJPO
 BOE NVMUJMBZFS QFSDFQUSPO SFHSFTTJPO� #FMPX XF HJWF B CSJFG
EFTDSJQUJPO PG FBDI PG UIFTF NPEFMT� 'PS PVS JOJUJBM SFTFBSDI BOE ʲUUJOH
 XF VTFE
PQFO�TPVSDF JNQMFNFOUBUJPOT PG UIFTF NPEFMT BWBJMBCMF GSPN TDJLJU�MFBSO <�>� %FUBJMFE
EFTDSJQUJPOT PG UIFTF NPEFMT
 BMPOH XJUI TPVSDF DPEF BOE EPDVNFOUBUJPO GPS UIF
JNQMFNFOUBUJPOT VTFE
 BSF SFBEJMZ BWBJMBCMF GSPN UIF TDJLJU�MFBSO XFCTJUF <�>�

-PHJTUJD 3FHSFTTJPO 	-3
 JOWPMWFT UBLJOH B XFJHIUFE TVN PG UIF GFBUVSFT
 BOE UIFO
QBTTJOH UIJT TVN UISPVHI B TJHNPJE OPOMJOFBSJUZ JO PSEFS UP QSPEVDF B QSPCBCJMJUZ
FTUJNBUF�
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5IF XFJHIUT Ŗ֩ BSF TFU TP BT UP NBYJNJ[F UIF MJLFMJIPPE PG PVS JOEJDBUPS WBSJBCMF ֛֫
SFMBUJWF UP PVS QSPCBCJMJUZ FTUJNBUF �֛֫ PWFS UIF USBJOJOH EBUB� 5IBU JT
 XF ʲOE
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XIJDI DBO CF TPMWFE HMPCBMMZ VTJOH DPOWFY PQUJNJ[BUJPO UFDIOJRVFT�

-PHJTUJD SFHSFTTJPO IBT UIF BEWBOUBHF PG CFJOH GBTU UP USBJO
 GBTU UP DPNQVUF
 BOE
SFMBUJWFMZ FBTZ UP JOUFSQSFU� *U GBMMT TIPSU POMZ JO UIF SFMBUJWFMZ MJNJUFE TFU PG EFDJTJPO
CPVOEBSJFT JU DBO DBQUVSF� JU JT POMZ DBQBCMF PG DSFBUJOH ʳBU EFDJTJPO CPVOEBSJFT JO UIF
GFBUVSF�QMBOFT�

3BOEPN 'PSFTU 3FHSFTTJPO 	3'3
 VTFT B DPMMFDUJPO PG EFDJTJPO USFF DMBTTJʲFST
 BOE
BWFSBHFT UIFJS PVUQVUT UP QSPEVDF B QSPCBCJMJUZ FTUJNBUF� &BDI EFDJTJPO USFF JT USBJOFE PO
B SBOEPN SFTBNQMJOH PG UIF USBJOJOH EBUB
 BOE HFOFSBUFT DMBTTJʲDBUJPOT CZ TQMJUUJOH UIF
EBUB CBTFE PO POF GFBUVSF BU B UJNF� "EEJUJPOBMMZ
 JO B SBOEPN GPSFTU
 FBDI USFF TFMFDUT B
SBOEPN TVCTFU PG GFBUVSFT UP DPOTJEFS FBDI UJNF JU DSFBUFT B OFX TQMJU
 UP JODSFBTF UIF
EJWFSTJUZ CFUXFFO UIF USFFT�
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3BOEPN GPSFTUT BSF SPCVTU
 HFOFSBM�QVSQPTF SFHSFTTPST XIJDI DBO BQQSPYJNBUF B XJEF
WBSJFUZ PG EFDJTJPO CPVOEBSJFT� )PXFWFS
 JO PSEFS UP HFU B ʲOF BQQSPYJNBUJPO UP B
EJBHPOBM EFDJTJPO CPVOEBSZ
 B SBOEPN GPSFTU OFFET UP JODPSQPSBUF NPSF BOE�PS CJHHFS
USFFT
 XIJDI DBO TMPX EPXO UIFJS FWBMVBUJPO�

(SBEJFOU #PPTUJOH 3FHSFTTJPO 	(#3
 JT B NFUIPE GPS DPOTUSVDUJOH QSPHSFTTJWFMZ NPSF
BDDVSBUF SFHSFTTJPOT GSPN XFBLMZ QSFEJDUJWF DPNQPOFOU NPEFMT� 5IF NPTU DPNNPOMZ
VTFE GPSNT PG HSBEJFOU CPPTUJOH
 JODMVEJOH UIF POF XF FNQMPZ IFSF
 VTF EFDJTJPO USFFT BT
UIFJS DPNQPOFOU NPEFMT� 0VS HSBEJFOU CPPTUJOH SFHSFTTPS CFHJOT BT B TJOHMF EFDJTJPO
USFF
 BOE UIFO JUFSBUJWFMZ BEET EFDJTJPO USFFT
 FBDI POF USBJOFE UP DPSSFDU UIF FSSPST PG UIF
NPEFM TP GBS� &BDI USFF JT SFTUSJDUFE JO IPX EFFQ JU DBO HFU
 NFBOJOH UIBU FBDI JOEJWJEVBM
USFF JT RVJUF B DSVEF FTUJNBUPS�
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0VS HSBEJFOU CPPTUJOH SFHSFTTPS XJMM GPSN EFDJTJPO CPVOEBSJFT PG B TJNJMBS GPSN UP UIPTF
XF HFU GSPN UIF SBOEPN GPSFTU SFHSFTTPS
 CVU XJMM BSSJWF BU UIPTF CPVOEBSJFT JO RVJUF B
EJʱFSFOU XBZ� #SPBEMZ
 SBOEPN GPSFTUT CFHJO XJUI IJHIMZ PWFSʲU 	IJHI WBSJBODF

DPOTUJUVFOU NPEFMT
 BOE DPNCJOF UIFN UP SFEVDF WBSJBODF� 0O UIF PUIFS IBOE
 HSBEJFOU
CPPTUJOH USFFT CFHJO XJUI VOEFSʲU 	IJHI CJBT
 NPEFMT
 BOE DPNCJOF UIFN UP SFEVDF CJBT�

.VMUJMBZFS 1FSDFQUSPO 3FHSFTTJPO 	.-13
 VTFT B TJNQMF OFVSBM OFUXPSL BSDIJUFDUVSF UP
QSPEVDF B QSPCBCJMJUZ FTUJNBUF� 5P FWBMVBUF UIF OFVSBM OFUXPSL
 XF BQQMZ TVDDFTTJWF
USBOTGPSNBUJPOT UP PVS GFBUVSF WFDUPS� &BDI USBOTGPSNBUJPO JOWPMWFT NVMUJQMZJOH PVS
WFDUPS CZ B 	OPU OFDFTTBSJMZ TRVBSF
 NBUSJY
 BOE UIFO BQQMZJOH BO FMFNFOU�XJTF
OPOMJOFBSJUZ
 HFOFSBMMZ UIF TJHNPJE GVODUJPO

֙	֪
 � ��� ֘ȇ֪ �
&BDI JOUFSNFEJBUF TUBUF PG PVS WFDUPS JT SFGFSSFE UP BT B ʑMBZFS
ʒ BOE FBDI FMFNFOU BU B
QBSUJDVMBS TUBHF JT SFGFSSFE UP BT B ʑOPEF�ʒ
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.VMUJMBZFS QFSDFQUSPOT BSF WBMVBCMF GPS UIFJS BCJMJUZ UP ʲU FTTFOUJBMMZ BSCJUSBSZ TVSGBDFT�
)PXFWFS
 UIFZ IBWF B UFOEFODZ UP PWFSʲU
 BOE NBZ CF NPSF DPNQVUBUJPOBMMZ FYQFOTJWF UP
ʲU UIBO NBOZ PUIFS SFHSFTTPST�

$0.#*/*/( .0%&-4
8F DBO DPNCJOF UIF BCPWF GPVS NPEFMT UP NBLF B EFDJTJPO CZ VTJOH B WPUJOH FOTFNCMF
	7&
� " WPUJOH FOTFNCMF XPSLT JO UIJT DBTF CZ IBWJOH FBDI NPEFM QSFEJDU UIF CFTU WFOVF

BOE UIFO TFMFDUJOH FJUIFS UIF WFOVF QSFEJDUFE CZ UIF NPTU NPEFMT 	IBSE WPUJOH

 PS UIF
WFOVF XJUI UIF HSFBUFTU UPUBM QSPCBCJMJUZ BTTJHOFE UP JU CZ UIF NPEFMT 	TPGU WPUJOH
� "
WPUJOH FOTFNCMF DBO QSPEVDF NPSF TUBCMF QSFEJDUJPOT UIBO BOZ PG UIF DPOTUJUVFOU NPEFMT
CZ BMMPXJOH EJʱFSFOU NPEFMT UP DPNQFOTBUF GPS JOFʴDJFODJFT JO FBDI PUIFSʎT EFDJTJPO
CPVOEBSJFT�

.0%&- '*55*/( 130$&%63&4

.BSLFU EBUB XFSF DPMMFDUFE EJSFDUMZ GSPN TFWFSBM 64 5SFBTVSZ CPOE USBEJOH WFOVFT� %BUB
GSPN UXP PG UIF NPSF BDUJWF WFOVFT XFSF TFMFDUFE GPS VTF JO UIJT TUVEZ
 GFBUVSJ[FE
 BOE
TBNQMFE BT EFTDSJCFE BCPWF� 5IJT EBUBTFU XBT UIFO SFTUSJDUFE UP POMZ UIPTF JOTUBODFT
XIFSF FJUIFS POF PS UIF PUIFS FYDIBOHF XPVME IBWF SFDJFWFE B ʲMM
 CVU OPU CPUI
 BT UIFTF
BSF UIF POMZ JOTUBODFT XIFSF PVS SFTVMU NBUUFST�

"QQSPYJNBUFMZ UIF ʲSTU ��� PG PVS EBUB XFSF UIFO VTFE UP DPNQVUF NFBOT BOE TUBOEBSE
EFWJBUJPOT GPS FBDI PG PVS GFBUVSFT
 BOE UIF SFNBJOJOH ��� PG PVS EBUB XFSF OPSNBMJ[FE
CZ UIFTF WBMVFT� 0G UIF OPSNBMJ[FE EBUB
 UIF ʲSTU ��� XFSF VTFE BT USBJOJOH EBUB
 BOE UIF
MBTU ��� XFSF SFTFSWFE GPS NFBTVSJOH UIF NPEFM QFSGPSNBODF PVU�PG�TBNQMF�

'PS FBDI NPEFM UIFSF BSF B OVNCFS PG NFUB�QBSBNFUFST UIBU NVTU CF TFU NBOVBMMZ CFGPSF
USBJOJOH UIF NPEFM� 'PS JOTUBODF
 PVS -3 NPEFM DBO JODPSQPSBUF B SFHVMBSJ[BUJPO UFSN JOUP
JUT PCKFDUJWF GVODUJPO UP QFOBMJ[F B OPSN PG JUT XFJHIU WFDUPS� #PUI UIF UZQF PG OPSN UP
QFOBMJ[F 	-� PS -�
 BOE UIF TUSFOHUI PG UIF QFOBMJ[BUJPO BSF NFUB�QBSBNFUFST GPS PVS -3
NPEFM UIBU NVTU CF TFU QSJPS UP USBJOJOH�

*O PSEFS UP TFU UIF NFUB�QBSBNFUFST JO B QSJODJQMFE XBZ
 XF QFSGPSN B TFBSDI PWFS UIF
SBOHF PG QPTTJCMF WBMVFT PG FBDI NFUB�QBSBNFUFS� 'PS FBDI DPNCJOBUJPO PG
NFUB�QBSBNFUFS WBMVFT XF QFSGPSN B ��GPME DSPTT�WBMJEBUJPO PWFS UIF USBJOJOH EBUB� XF

Multilayer perceptron

Random forest 
regression

Logistic 
regression

Gradient boosting 
regression
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XIFSF ֆȌ JT UIF TUBUF PG UIF NBSLFU BGUFS XF IBWF BMMPDBUFE PVS MJNJU PSEFST BT TQFDJʲFE
CZ ֑� )FSF XF BSF JNQMJDJUMZ BTTVNJOH UIBU PVS PXO PSEFST XJMM IBWF UIF TBNF FʱFDU PO
UIF NBSLFU BT BOZPOF FMTFʎT�

*O HFOFSBM
 ʲOEJOH UIF TPMVUJPO UP UIJT QSPCMFN SFRVJSFT UIBU XF NPEFM UIF GVMM KPJOU
EJTUSJCVUJPO PG 
ߎ JODMVEJOH EFQFOEFODJFT PG UIF EJTUSJCVUJPO PO NBSLFU WBSJBCMFT� *O
QSBDUJDF
 UIFTF EJTUSJCVUJPOT BSF EJʴDVMU UP SFQSFTFOU BOBMZUJDBMMZ
 BOE FWFO NPSF EJʴDVMU
UP QBSBNFUFSJ[F PO NBSLFU WBSJBCMFT� *O PSEFS UP NBLF UIJT QSPCMFN USBDUBCMF XF NBLF
TFWFSBM TJNQMJGZJOH BTTVNQUJPOT�

�� XF BTTVNF UIBU XF IBWF OP UPMFSBODF GPS PWFS�ʲMMJOH PVS PSEFST 	J�F� SFDFJWJOH NPSF
ʲMMT UIBO PVS UBSHFUFE TJ[F



�� XF BTTVNF UIBU UIF WBTU NBKPSJUZ PG PSEFS DBODFMMBUJPOT XJMM CF GSPN CFIJOE VT JO
UIF PSEFS RVFVF
 BOE

�� XF BTTVNF UIBU QMBDJOH BO PSEFS BU UIF CBDL PG B RVFVF XJMM IBWF NJOJNBM FʱFDU PO
UIF ʲMM QSPCBCJMJUZ PG PSEFST BMSFBEZ RVFVFE PO BOZ FYDIBOHF�

5IFTF BTTVNQUJPOT TJNQMJGZ UIF QSPCMFN HSFBUMZ� "TTVNQUJPO � BMMPXT VT UP DPOTUSBJO
UIF UPUBM OVNCFS PG MPUT XF XJMM QMBDF
 BOE UP SFEVDF PVS VUJMJUZ GVODUJPO UP B TJOHMF UFSN�
"TTVNQUJPO � BMTP BMMPXT VT UP JHOPSF DBODFMMBUJPOT
 GVSUIFS TJNQMJGZJOH PVS VUJMJUZ
GVODUJPO� 5IJT MFBWFT PVS QSPCMFN TUBUFNFOU BT

NBY֑ǽų�֝
ٖ ̇̉ ֝এ֛��NJO ऐ ֛֑
 ֛ߎ	 ȇ֊֛
�ऑভভভভভভֆȌ	֑
̊̌
T�U�

֝এ֛�� ֛֑ � ֌�
"TTVNQUJPO � GVSUIFS TJNQMJʲFT UIF QSPCMFN CZ BMMPXJOH VT UP USFBU FBDI PG UIF ֌ MPUT XF
XJMM QMBDF JO TFRVFODF� 8F DBO USFBU PVS BMMPDBUJPO QSPCMFN BT B TFRVFODF PG ֌ EJʱFSFOU
��MPU BMMPDBUJPO QSPCMFNT
 FBDI PG UIF GPSN

NBY֛֜ǽ�Ł֝։ऒ֛֜ߎ � ֊֛֜֜ পֆ֜ओ ֜ ǽ �Ł֌
 	�


XIFSF ֊֛֜ BOE ֆ֜ BSF UIF RVFVF TJ[FT BOE NBSLFU WBSJBCMFT BGUFS XF IBWF QMBDFE MPUT �
UISPVHI ֜ ȇ �� 5IBU JT
 XF ʲSTU BMMPDBUF B TJOHMF MPU UP UIF FYDIBOHF ֛ UIBU NBYJNJ[FT։	֛ߎ � ֊֛
� 8F UIFO BMMPDBUF UIF OFYU MPU UP UIF FYDIBOHF UIBU
 DPOEJUJPOBM PO PVS ʲSTU
BMMPDBUJPO
 NBYJNJ[FT ։	֛ߎ � ֊֛ � 	� MPUT BMSFBEZ BMMPDBUFE UP FYDIBOHF ֛


 BOE TP PO�
3BUIFS UIBO NPEFMJOH UIF GVMM KPJOU WPMVNF EJTUSJCVUJPO
 XF OPX OFFE POMZ NPEFM UIF
QSPCBCJMJUZ UIBU B TJOHMF MPU
 QMBDFE BU UIF CBDL PG UIF RVFVF PO FBDI FYDIBOHF
 XJMM CF
ʲMMFE�



Conflicting signals
Sweep = reversion
Bubble = momentum

"Consensus" layer makes specific predictions to algorithm.
Also condition on market state variables.

47

Consensus framework



Generic problem
48

y = F(x)  y scalar
x∈Rd  

N observations  x1,...,xN

how to model F?

x = signal outputs, and market state, d~10-15
y = forward return

What combination of signals gives the 
best prediction of future price changes,

in what market conditions?



Classic problem of supervised learning

Regression
Clustering and partition
support vector machines
K-means
etc
Combination methods
random forest, etc

49



K-means

50

10.3 Clustering Methods 389

Data Step 1 Iteration 1, Step 2a

Iteration 1, Step 2b Iteration 2, Step 2a Final Results

FIGURE 10.6. The progress of the K-means algorithm on the example of Fig-
ure 10.5 with K=3. Top left: the observations are shown. Top center: in Step 1
of the algorithm, each observation is randomly assigned to a cluster. Top right:
in Step 2(a), the cluster centroids are computed. These are shown as large col-
ored disks. Initially the centroids are almost completely overlapping because the
initial cluster assignments were chosen at random. Bottom left: in Step 2(b),
each observation is assigned to the nearest centroid. Bottom center: Step 2(a) is
once again performed, leading to new cluster centroids. Bottom right: the results
obtained after ten iterations.

initial configurations. Then one selects the best solution, i.e. that for which
the objective (10.11) is smallest. Figure 10.7 shows the local optima ob-
tained by running K-means clustering six times using six different initial
cluster assignments, using the toy data from Figure 10.5. In this case, the
best clustering is the one with an objective value of 235.8.
As we have seen, to perform K-means clustering, we must decide how

many clusters we expect in the data. The problem of selecting K is far from
simple. This issue, along with other practical considerations that arise in
performing K-means clustering, is addressed in Section 10.3.3.
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Determine clusters based on distribution of x (ignoring y)
Fit a constant function in each cluster

308 8. Tree-Based Methods
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FIGURE 8.3. Top Left: A partition of two-dimensional feature space that could
not result from recursive binary splitting. Top Right: The output of recursive
binary splitting on a two-dimensional example. Bottom Left: A tree corresponding
to the partition in the top right panel. Bottom Right: A perspective plot of the
prediction surface corresponding to that tree.

Therefore, a better strategy is to grow a very large tree T0, and then
prune it back in order to obtain a subtree. How do we determine the best prune

subtreeway to prune the tree? Intuitively, our goal is to select a subtree that
leads to the lowest test error rate. Given a subtree, we can estimate its
test error using cross-validation or the validation set approach. However,
estimating the cross-validation error for every possible subtree would be too
cumbersome, since there is an extremely large number of possible subtrees.
Instead, we need a way to select a small set of subtrees for consideration.
Cost complexity pruning—also known as weakest link pruning—gives us

cost
complexity
pruning

weakest link
pruning

a way to do just this. Rather than considering every possible subtree, we
consider a sequence of trees indexed by a nonnegative tuning parameter α.

Hierarchical clustering 
is similar



Y-means makes two innovations

Determine Voronoi clusters based on residuals in y
rather than distances in x

Use linear approximation in each cluster
rather than constant function 

Resulting approximation is very accurate 
and very quick to evaluate
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Cells are parameterized 
by node locations



Difficulty is optimizing node locations 
Use simulated annealing:  
slow and finicky, but results are good
Very fast to evaluate in real time 
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instead, only water molecules with different amounts of 
excitation energy. These may follow any of three paths: 

(a) The excitation energy is lost without dissociation 
into radicals (by collision, or possibly radiation, as in 
aromatic hydrocarbons). 

(b) The molecules dissociate, but the resulting radi-
cals recombine without escaping from the liquid cage. 

(c) The molecules dissociate and escape from the 
cage. In this case we would not expect them to move 
more than a few molecular diameters through the dense 
medium before being thermalized. 

In accordance with the notation introduced by 
Burton, Magee, and Samuel,22 the molecules following 

22 Burton, Magee, and Samuel, J. Chern. Phys. 20, 760 (1952). 

THE JOURNAL OF CHEMICAL PHYSICS 

paths (a) and (b) can be designated H 20* and those 
following path (c) can be designated H 20t. It seems 
reasonable to assume for the purpose of these calcula-
tions that the ionized H 20 molecules will become the 
H 20t molecules, but this is not likely to be a complete 
correspondence. 

In conclusion we would like to emphasize that the 
qualitative result of this section is not critically de-
pendent on the exact values of the physical parameters 
used. However, this treatment is classical, and a correct 
treatment must be wave mechanical; therefore the 
result of this section cannot be taken as an a priori 
theoretical prediction. The success of the radical diffu-
sion model given above lends some plausibility to the 
occurrence of electron capture as described by this 
crude calculation. Further work is clearly needed. 
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Equation of State Calculations by Fast Computing Machines 
NICHOLAS METROPOLIS, ARIANNA W. ROSENBLUTH, MARSHALL N. ROSENBLUTH, AND AUGUSTA H. TELLER, 

Los Alamos Scientific Laboratory, Los Alamos, New Mexico 

AND 

EDWARD TELLER, * Department of Physics, University of Chicago, Chicago, Illinois 
(Received March 6, 1953) 

A general method, suitable for fast computing machines, for investigatiflg such properties as equations of 
state for substances consisting of interacting individual molecules is described. The method consists of a 
modified Monte Carlo integration over configuration space. Results for the two-dimensional rigid-sphere 
system have been obtained on the Los Alamos MANIAC and are presented here. These results are compared 
to the free volume equation of state and to a four-term virial coefficient expansion. 

I. INTRODUCTION 

T HE purpose of this paper is to describe a general 
method, suitable for fast electronic computing 

machines, of calculating the properties of any substance 
which may be considered as composed of interacting 
individual molecules. Classical statistics is assumed, 
only two-body forces are considered, and the potential 
field of a molecule is assumed spherically symmetric. 
These are the usual assumptions made in theories of 
liquids. Subject to the above assumptions, the method 
is not restricted to any range of temperature or density. 
This paper will also present results of a preliminary two-
dimensional calculation for the rigid-sphere system. 
Work on the two-dimensional case with a Lennard-
Jones potential is in progress and will be reported in a 
later paper. Also, the problem in three dimensions is 
being investigated. 

* Now at the Radiation Laboratory of the University of Cali-
fornia, Livermore, California. 

II. THE GENERAL METHOD FOR AN ARBITRARY 
POTENTIAL BETWEEN THE PARTICLES 

In order to reduce the problem to a feasible size for 
numerical work, we can, of course, consider only a finite 
number of particles. This number N may be as high as 
several hundred. Our system consists of a squaret con-
taining N particles. In order to minimize the surface 
effects we suppose the complete substance to be periodic, 
consisting of many such squares, each square contain-
ing N particles in the same configuration. Thus we 
define dAB, the minimum distance between particles A 
and B, as the shortest distance between A and any of 
the particles B, of which there is one in each of the 
squares which comprise the complete substance. If we 
have a potential which falls off rapidly with distance, 
there will be at most one of the distances AB which 
can make a substantial contribution; hence we need 
consider only the minimum distance dAB. 

t We will use two-dimensional nomenclature here since it 
is easier to visualize. The extension to three dimensions is obvious. 
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(a) (b)

Figure 9: Comparison between the results from Cauchy distribution with acceptance-

temperature changing only when the proposed centers are accepted. Both plots have

parameters: T = 1, K = 27, all 9 features, 20 di�erent random starting positions. (a)use

the objective function with no weights , (b) use the objective function with weights.

Both results are not converged, compared with Figure 1b and 7c, where temperature

of accepting process decreases between each iteration.

Multiple random starting points 
Keep best configuration to date 

on each trajectory

Number of steps

Mean-square 
residual
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One-dimensional example:  linear approximation vs constant

Quote imbalance

18

(a)
(b)

(c)

Figure 14: 1D clustering and fitting results. The black line is the benchmark where

the clusters are difined as equally spaced intervals of x axis; The blue line is the result

with mean value as prediction in the objective function; The red line is the result with

linear regression value in each cluster as prediction in the objective function. (a) use

’oi’ as x. (b) use argsiz. (c) The bigger points are center of the equally spaced bins as in

(a) and small points are the data points colored by their corresponding bin index. This

is just an illustration that the predictive trend is too small compared to the variance of

data, which may explain why we see the value of objective function deos not improve

much whatever methods we try.
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k-means y-means

Clusters are determined 
looking only at inputs (x,y),

ignoring output z

Clusters are determined 
to give best fit  

to output z

Y-means geometry
is much better  
than k-means
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2-d example
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Figure 4: Price of active and deferred 5-year treasury futures contracts during
the roll periods. Jumps represent changes in the futures contract that is cur-
rently active. X-axis is squeezed together to shorten periods that are not the
roll.
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ferred contract during the roll periods. Jumps represent changes in the futures
contract that is currently active. X-axis is squeezed together to shorten periods
that are not the roll.
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Front-month and deferred 
contract prices

Spread = Difference  
front - deferred

This difference is 
actively traded
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almost always occurs because the active and deferred contracts have changed

because the day to deliver the treasury futures passed.

5.2 Methodology

5.2.1 Feature Creation

We create about 80 features, which consist partly of common statis-

tical features of single variable series among each rollover sequence, and partly

of combinations of these features. For example, treating the open interest of

a contract as a history of interest, we can obtain standard deviations, moving

averages, and so on of this feature. The precise formulations of features can

be observed below. The current value is returned instead of a more complete

featurized dataset where observations were lacking, this is applicable only to

the implied volatility measure.

5.2.2 List of Features

• Features of One Variable

– Current Value

– Standard Deviation

– Change in value over past 5 days

– (Standard Deviation over past 10 days) / Standard Deviation

– Exponential moving average over past 10 days

– (Current Value) / (Moving average over past 10 days)

– Value of b when time series is fit to Y = a ⇤ exp(b ⇤X)

• Features of Two Variables

– Correlation

– Di↵erence in Z scores

15
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Figure 7: Frequency (out of 1000) of how often a variable was selected as part
of the final model for predicting raw price changes.

6 Reversion

The past section leaves us with 9 features that are significant more

than 20 percent of the time. However, there is good reason to believe that

most of these are not helpful. Terms involving correlation su↵er from symme-

try problems - for example, considering the third most chosen feature, if the

deferred open interest were constant, then rising active prices and falling active

19

~80 features

Sam Russell thesis

Technique:  iterative regression
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Sam Russell thesis
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Figure 10: Spread movement over 45 days prior to roll period vs. spread
movement during roll period, along with line of best fit. (10 yr. product,
n=130)

6.3 When is Reversion Stronger

In other problems involving the prediction of asset price movements,

volume is seen as important confirmation of whether a trend is real or not. In

general, many signals are said to be more trustworthy when volume is high,

as opposed to when volume is low, as relative to volume’s historical averages

(Investopedia LLC, 2018). The volume of treasury futures contracts is also

28
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Figure 9: Spread movement over 5 days prior to roll period vs. spread movement
during roll period, along with line of best fit. (10 yr. product, n=130)

6.2 Reversion over Di↵erent Time Series

The first half of this paper has brought up the idea of reversion being a

significant predictor of changes in treasury futures spread, and the last section

solidified its presence with respect to the 10 year U.S. treasury futures contract,

while throwing it out for other contracts. Up until now, we have been consid-

ering reversion as applied to the change in the spread in the 5 days prior to the

start of the roll period. This section will observe other possible time frames

25

Price reversion is 
the single most important  

predictive variable
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UIF GBS QSJDF DPOUSBDU EVSJOH UIF UISFF XFFLT QSJPS UP UIF SPMM QFSJPE� *O PVS FTUJNBUJPO PG
UIF JNQMJFE SBUJP
 XF HJWF NPSF XFJHIU UP UIF XFFL JNNFEJBUFMZ QSJPS UP UIF SPMM QFSJPE�
8F BMTP NFBTVSF UIF SBUJP CZ PUIFS NFBOT TVDI BT PCUBJOFE GSPN QSJODJQBM DPNQPOFOU
BOBMZTJT PG UIF UXP DPOUSBDU QSJDFT BOE ʲOE UIF SBUJPT UP CF TJNJMBS� *OUVJUJWFMZ
 UIF
JNQMJFE SBUJP JT B NFBTVSF PG UIF UBJM SJTL JO USBEJOH POF�UP�POF SBUJP DBMFOEBS TQSFBE BOE
JO B NBOOFS BMTP JOEJDBUFT UIF NBSLFU TFOUJNFOU� *O DBTFT XIFO FRVJUZ PS CPOE PS CPUI
NBSLFUT BSF TFMMJOH Pʱ
 UIF POF�UP�POF DBMFOEBS TQSFBE EZOBNJDT XPVME CF EPNJOBUFE CZ
POF PG UIF PVUSJHIUTʎ NPWFNFOU BOE UIJT XPVME CF DBQUVSFE CZ UIF JNQMJFE SBUJP� 'PS
FYBNQMF
 EVSJOH UJNF QFSJPET TVDI BT UIBU PG 4FQUFNCFS ���� PS %FDFNCFS ����
 XIFO
FRVJUZ NBSLFUT XFSF TFMMJOH Pʱ BOE 5SFBTVSZ QSJDFT XFSF SJTJOH
 UIF DBMFOEBS TQSFBE
XJEFOFE BT UIF OFBS DPOUSBDU XBT NPSF JO EFNBOE 	CFJOH UIF NPSF MJRVJE POF
 BOE UIF
JNQMJFE SBUJP XBT TJHOJʲDBOUMZ HSFBUFS UIBO POF� 4JNJMBSMZ
 JO +VOF ����
 UIF GBS DPOUSBDU
QSJDFT PG ���:FBS 'VUVSFT XFSF SJTJOH NPSF UIBO UIF OFBS DPOUSBDU QSJDFT BOE UIF JNQMJFE
SBUJP XBT TJHOJʲDBOUMZ MFTT UIBO POF� 'JHVSF � TIPXT UIF DPSSFMBUJPO PG UIF EFWJBUJPO PG
JNQMJFE SBUJP GSPN POF�UP�POF SBUJP XJUI UIF DIBOHF JO UIF DBMFOEBS TQSFBE EVSJOH UIF SPMM
QFSJPE�

0VS NVMUJWBSJBUF GPSFDBTU NPEFM TIPXO CFMPX JT B TJNQMF MJOFBS DPNCJOBUJPO PG PVS
QSFEJDUPST UIBU XF FTUJNBUF BDSPTT BMM UIF JOTUSVNFOUT BGUFS BEKVTUJOH GPS UIF JOTUSVNFOU
TQFDJʲD NFBOT BOE WPMBUJMJUJFT�

4ȇ��
� � �߁ ��1߂ � ��1߂ � ��1߂ � ߅ 	�


8F BMTP SBO B TFQBSBUF SFHSFTTJPO XJUI ZFBS ʲYFE FʱFDUT UP QJDL VQ WBSJBUJPOT UIBU
IBQQFO PWFS UJNF BOE OPU BUUSJCVUFE UP PVS FYQMBOBUPSZ WBSJBCMFT BOE GPVOE UIF
FTUJNBUFT PG UIF DPFʴDJFOUT UP CF SPVHIMZ UIF TBNF� 'JHVSF � TIPXT UIF JO�TBNQMF ʲU
CBTFE PO UIF MJOFBS DPNCJOBUJPO PG PVS UISFF QSFEJDUPST UIBU XF KVTU EFTDSJCFE� 8IJMF UIF
QMPU TIPXT UIF NPEFM ʲU CZ JOTUSVNFOU
 UIF DPFʴDJFOUT BSF PCUBJOFE CZ B ʑQPPMFEʒ
SFHSFTTJPO BGUFS BEKVTUJOH GPS JOEJWJEVBM TQFDJʲD NFBOT BOE TUBOEBSE EFWJBUJPOT� *U DBO
CF TFFO UIBU QPPMFE�SFHSFTTJPO ʲU JT SFBTPOBCMZ HPPE BDSPTT BMM UIF JOTUSVNFOUT� 5BCMF �
TIPXT 
�߂ �߂ BOE �߂ PG EJʱFSFOU DPNCJOBUJPOT UIBU BSF FTUJNBUFE GPS UIF GVMM TBNQMF
BGUFS OPSNBMJ[JOH BOE TVCUSBDUJOH UIF NFBO PG UIF QSFEJDUPST� -BTU SPX JT PVS ʲOBM NPEFM
TIPXO BCPWF� 5IF NBHOJUVEFT PG UIF DPFʴDJFOUT JO UIF ʲOBM NPEFM BSF SPVHIMZ FRVBM
JOEJDBUJOH UIBU UIF QSFEJDUPST BSF BMM FRVBMMZ JNQPSUBOU� 8IJMF OPU TIPXO
 UIF DPSSFMBUJPO
CFUXFFO UIF QSFEJDUPST JT BMTP NJOJNBM XIJDI DBO CF GVSUIFS EFEVDFE GSPN UIF VOJWBSJBUF
WT� NVMUJWBSJBUF NPEFM DPFʴDJFOUT PG UIF QSFEJDUPST� 'PS SPCVTUOFTT
 XF BMTP WFSJʲFE PVS
NPEFM CZ TQMJUUJOH UIF EBUB GSPN ����ʋ���� GPS DBMJCSBUJPO BOE GSPN ����ʋ���� GPS
GPSFDBTU� XF GPVOE UIF SFTVMUT UP CF FRVBMMZ SPCVTU BDSPTT UIF UXP TVC�TBNQMFT�

'JOBMMZ
 'JHVSF � TIPXT UIF 4FQUFNCFS ���� SPMM QFSJPE� 0VS DPNCJOFE MJOFBS GPSFDBTU GPS
UIJT SPMM XBT OFHBUJWF HPJOH JOUP UIF TUBSU PG UIF SPMM QFSJPE GPS BMM UIF JOTUSVNFOUT
NFBOJOH UIBU XF BOUJDJQBUFE UIF TQSFBE UP OBSSPX BU UIF FOE PG UIF SPMM QFSJPE� 8IJMF UIF
EJSFDUJPO PG UIF DIBOHF JO UIF DBMFOEBS TQSFBE XBT DPSSFDU GPS NPTU GVUVSFT EVSJOH UIF
SPMM QFSJPE
 UIF BDUVBM NBHOJUVEF XBT MFTT QSPOPVODFE UIBO UIBU PG UIF NPEFM GPSFDBTU�

*O UIJT BSUJDMF
 XF IBWF TIPXO B TJNQMF CVU SPCVTU MJOFBS NPEFM PG DBSFGVMMZ DIPTFO
QSFEJDUPST UP GPSFDBTU UIF DIBOHF JO UIF DBMFOEBS TQSFBE EVSJOH UIF UFO CVTJOFTT EBZT PG
SPMMT� 0ODF UIF SPMM QFSJPE TUBSUT
 BEEJUJPOBM WBSJBCMFT XPVME CF OFDFTTBSZ UP GPSFDBTU UIF
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'PS PVS SFTFSBDI BOE DBMJCSBUJPO
 XF VTF UIF &0% EBUB GPS 1� BOE 1� GSPN BMNPTU
����ʋ����
 XIFSF BT GPS 1�
 PVS EBUB SBOHFT GSPN ���� ʋ ����� 'JHVSF � TIPXT UIF
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OFU JNCBMBODF � 	MPOH PQFO JOUFSFTUȇ TIPSU PQFO JOUFSFTU
�UPUBM PQFO JOUFSFTU� 8F
FYQFDU B OFHBUJWF DPSSFMBUJPO CFUXFFO BTTFU NBOBHFSTʎ OPSNBMJ[FE OFU JNCBMBODF BOE
DIBOHF JO UIF DBMFOEBS TQSFBE EVSJOH UIF SPMM� 5IJT JT CFDBVTF B QPTJUJWF OFU JNCBMBODF
XPVME JNQMZ UIBU BTTFU NBOBHFST BSF MPOH UIF VOEFSMZJOH GVUVSFT BOE XPVME OFFE UP TFMM
UIF TQSFBE UP SPMM JOUP UIF GBS DPOUSBDU� UIJT JO UVSO XPVME OBSSPX UIF TQSFBE EVSJOH UIF
SPMM QFSJPE� 4JNJMBSZ
 B OFHBUJWF OFU JNCBMBODF XPVME NFBO UIBU BTTFU NBOBHFST BSF TIPSU
UIF GVUVSFT BOE XPVME OFFE UP CVZ BOE UIVT SFTVMUJOH JO UIF XJEFOJOH PG UIF DBMFOEBS
TQSFBE EVSJOH UIF SPMM� 'SPN UIF $05 SFQPSUT
 XF GPVOE UIBU OFU JNCBMBODF PG BTTFU
NBOBHFST UP CF UIF POMZ TJHOJʲDBOU QSFEJDUPS PG UIF DBMFOEBS TQSFBE EVSJOH UIF SPMM� 5IF
EFBMFSTʎ QPTJUJPO JT BMNPTU UIF PQQPTJUF UP UIBU PG UIF BTTFU NBOBHFSTʎ QPTJUJPOT BOE
SFUBJM USBEFSTʎ QPTJUJPOT BSF PGUFO UPP TNBMM UP NBLF B NFBOJOHGVM EJʱFSFODF UP UIF
GPSFDBTU� 'JHVSF � TIPXT B TUSPOH OFHBUJWF DPSSFMBUJPO PG UIF OFU JNCBMBODF GSPN UIF $05
BHBJOTU UIF DIBOHF JO UIF DBMFOEBS TQSFBE EVSJOH UIF SPMM QFSJPE�

5IF UIJSE QSFEJDUPS 1� JT ȇߑ	 �
 XIFSF ߑ JT UIF JNQMJFE SBUJP CFUXFFO UIF OFBS BOE GBS
QSJDFT PG UIF PVUSJHIUT� 'PS JMMVTUSBUJPO
 'JHVSF � TIPXT UIF TDBUUFS QMPU PG OFBS WT� GBS
QSJDFT PG UIF ���:FBS 'VUVSFT QSJPS UP UIF SPMM QFSJPE PG +VOF ����� 5IF JNQMJFE SBUJP JT
FTTFOUJBMMZ UIF JOWFSTF PG UIF TMPQF PG UIF CMVF MJOF BOE PVS QSFEJDUPS JT UIF EFWJBUJPO PG
UIF CMVF GSPN UIF SFE MJOF� 8F NFBTVSF JNQMJFE SBUJP BT� ߑ � ߓ֠ ߓ֙�֤֔֘ ֤֔ XIJDI JT UIF
SBUJP PG UIF BWFSBHF EBJMZ EFWJBUJPO PG UIF OFBS QSJDF PWFS UIF BWFSBHF EBJMZ EFWJBUJPO PG
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Linear predictor

(Commitments of traders)



Conclusions

• High frequency trading is computationally demanding

• Short-term price prediction is key to performance

• Machine learning is a tool, but not automatic

• Combine ML methods with market understanding
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